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BIFURCATION OF A UNIQUE STABLE
PERIODIC ORBIT FROM A HOMOCLINIC ORBIT
IN INFINITE-DIMENSIONAL SYSTEMS

SHUI-NEE CHOW AND BO DENG

ABSTRACT. Under some generic conditions, we show how a unique stable peri-
odic orbit can bifurcate from a homoclinic orbit for semilinear parabolic equa-
tions and retarded functional differential equations. This is a generalization of
a result of Sil’ nikov for ordinary differential equations.

0. INTRODUCTION

Consider an autonomous differential equation in the plane with a real pa-
rameter ¢:

(0.1) Xx=f(x,e),

where x € R*. Assume that x = 0 is a hyperbolic equilibrium for all small ¢
and D, f(0,e) = A. Suppose that A >0 and u < 0 are the eigenvalues of 4
and

(0.2) A+pu<O.

Assume that there exists a homoclinic orbit of (0.1) to the origin 0 at ¢ = 0.
It is well known that under certain transversality conditions on equation (0.1)
an exponentially stable periodic orbit will bifurcate from the homoclinic orbit
as the parameter ¢ changes (see Andronov, Leontovich, Gordon and Maier
[1] and Chow and Hale [3], for example, for more details). In [9] Neimark
and Sil'nikov generalized the above result to R’ replacing condition (0.2) by
an appropriate condition on the eigenvalues. This generalization is nontrivial
since we are not able to make a smooth change of coordinates to reduce the study
of local behavior of solutions near a hyperbolic equilibrium to that of a linear
system. In fact, all the difficulties are related to some fine estimates on the long-
time behavior of solutions in a small neighborhood of a hyperbolic equilibrium.
In [10], Sil'nikov considered similar problems in higher dimensions. (For some
interesting applications, see, for example, Evans, Fenichel and Feroe [4] and
Feroe [5].)
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The purpose of this paper is to show that Sil'nikov’s theorem may be gener-
alized to some infinite-dimensional systems. We consider two kinds of infinite-
dimensional systems, namely, semilinear parabolic differential equations and
retarded functional differential equations. Since the flows defined by these equa-
tions are semiflows (solutions may not be extended backwards in time), we are
not able to use Sil'nikov’s method directly for our problems. However, the basic
approach is based on an idea of Sil'nikov [10] which reduces the bifurcation
problem to continuation of fixed points for a one-parameter family of maps (see
(i1) in §2 for semilinear parabolic equations or Lemma 3.11 in §3 for retarded
functional differential equations). As in the finite-dimensional cases, the main
difficulty in the proof is to obtain local estimates of solutions of our equations
near hyperbolic equilibria. We note that in many aspects, our estimates are new
even in the finite-dimensional cases. Our estimates are all related to linear vari-
ational equations along semiorbits of the nonlinear equations. By using these
estimates, we are able to obtain smoothness properties of the above mentioned
maps and to find the fixed points.

In [2 and 12], similar results are obtained by using different methods. In [2],
Blazqueg generalized Sil'nikov’s theorem to semilinear parabolic equations by
using Sil' nikov’s work [10] on finite-dimensional systems. This work seems to be
sketchy. In [12], Walther generalized Sil’ nikov’s theorem to retarded functional
differential equations. Walther’s approach is based on the A-lemma (inclination
lemma) for retarded functional differential equations.

We also note that while we require the vector fields to be at least C 3 , Walther
needs only C? vector fields and obtains similar results for functional differential
equations.

In §1, we consider semilinear parabolic equations. We derive all the necessary
estimates required in the proof of our main result. In §2, we construct the one-
parameter family of maps and prove our main result (Theorem 2.3). Retarded
functional differential equations are treated in §3. An application is given in §4.
In this paper, we will give detailed proofs for semilinear parabolic equations.
For retarded functional differential equations, we will only give proofs when
they are different from those for semilinear parabolic equations.

Acknowledgment. We thank the referee of this paper for many very helpful
improvements. This paper has been substantially revised from its first version.
Most of the improvements are due to the careful reading of the referee.

1. LOCAL ANALYSIS

In this section, we consider the behavior of solutions of a semilinear equation
in a Banach space near a hyperbolic equilibrium. Our estimates are based on
the work of Henry [8] and a modified Gronwall’s inequality (Lemma 1.1). The
main estimate is stated in Lemma 1.3 which gives the exponential bounds in
finite time of solutions of the variational equation along a solution in a small
neighborhood of the equilibrium. We also give the upper and lower bound for
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the time for which a solution will stay in a fixed neighborhood of the hyperbolic
equilibrium. These estimates seem to be new even for ordinary differential
equations in R? . The main purpose of this section is to define a map in a small
neighborhood of the hyperbolic equilibrium which is closely related to the usual
Poincaré map but is somewhat different. In Lemma 1.7, we show that this map
is Lipschitz with a small Lipschitz constant. The construction of the map is
based on Sil'nikov’s ideas [10] and the smoothness is based on the estimates.

Let X be a Banach space with norm |-| and 4: X — X be a linear sec-
toral operator with dense domain & (A4) which generates an analytic semigroup
{e_’" ,t>0} on X. For 0<a<1,let A* be the a-fractional power of 4
(see Henry [8, pp. 24-30]) with domain 2 (4%). Let a(A4) be the spectrum of
A and assume that Reg(4) > 0. Define foreach 0<a< 1,

X*=9(4%, |x|, =|4x].

It is well known that X* is a Banach space with norm | - |, and X 0= x.
Furthermore, for a > >0, X“ is a dense subspace of X # with continuous
inclusion. Let Y, and Y, be Banach spaces. We denote by L(Y,,Y,) the
Banach space of all bounded linear operators from Y, to Y, equipped with
the operator norm induced by the norms of Y, and Y,.

Let U, Cc X * x R be an open neighborhood of the origin and g > 0 be
fixed. Consider the following semilinear autonomous equation with a parameter

e€[—¢y,¢]:

X=-Ax+f(x,y.e), (x,y)ely, e€[-¢,¢)],

(1.1) .
y=)'y+g(x9y)8)’ (X,y)€U0,8€[—80,80],

where f: Uy x [~¢,,6)] = X, g: U, x[-¢,,6] — R and 4> 0 is fixed.
Let g(A) be the spectrum of A. Consider the following hypotheses:
(H1) Rea(A4) > u> A >0, where u is a fixed constant;
(H2) fe C3[UO x[—&,,¢],X], g€ C3[U0 x [—¢&,,¢,],R] and

f(0,0,¢e)=0, D, ,/f(0,0,0)=0, e €[-¢y,¢),
£(0,0,e)=0, D(x,y)g(0,0,0)=0, e €l—¢;,¢],

where the derivatives are taken in the Banach space X” x R.

By hypotheses (H1) and (H2), there exists a neighborhood B(d,) = {(x,y):
x|, < d,, |yl < d,} of (0,0) contained in U, and 0 < ¢, < g, such that
the local stable and unstable manifolds Wlf)c(s) and Wl“oc(s) exist in B(d,)
for ¢ € [-¢,,¢,], where 6] > 0 is a small constant. Furthermore they are
C3-manifolds and are given by

(1.2) Weo(e) = {(x,y) € B(8,): y = ’(x,¢), |x|, <6},
(1.3) We(®) = {(x,) € B(8,)): x = h"(y ,¢), |y| <6},
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where h° and #“ are C° in their arguments satisfying

(1.4) R'(0,e)=0, h“0,e)=0, ec[-¢,,¢],
(1.5) D,k*(0,00=0, D,h"0,0)=

(See Henry [8, pp. 112-116].)
For ¢ € [-¢, ,¢,] we define a diffeomorphism H(-,-,¢) by

(1.6) (x,7)=H(x,y,e)=(x-h"(y,e),y)

which is near the identity map by (1.5). Its inverse map is

(1.7) (x,y)=H '(x,7,8)=(x+h"(7,e),7), eecl-¢ ¢l

Let (x(t),y(t)) be a classical solution of (1.1) (see Henry [8, pp. 53-55]) and
U,(¢) = H(B(d,),¢). Since y(¢) is finite dimensional, H maps the solution
(x ( ),y(t)) of (1 1) into the solution (x(t),y(t)) = H(x(t),y(t),¢) of

(18) )_C Ax + f—( 37)8)> (X,P)GUI(G), 86[_819811’
y

=Ay+gx,y,¢e), (x,9)€U,(e), ecl-¢ ,¢],

where

f(x,7,8)=f(H ' (x,7,¢),6) + 4" (7 ,¢)
(1.9) -D h“( s)[zy+g( H '(x,7,¢),8)],

g(x,y,8)=g(H '(x,7,¢),2).
Conversely, let (x(¢),y(t)) be a solution of (1.8). Note that y(z) is finite
dimensional. By (1.7), (x(¢),y(?)) = H-'(J‘c(t) ,¥(t) ,€) is a solution of (1.1).
Thus, we have shown that equation (1.1) is conjugate to equation (1.8) via the
change of variables (1.6).

Since H(-,-,e) is near the identity map for all ¢ € [-¢,,¢,], without
loss of generality we assume there is a neighborhood U, of (0,0) such that
U, C U,(e) for every ¢ € [_il ,€,]. Let 6, > 0 be so small that B(J,) =
{(x,y):|%],<9,,lyI <} CU,.

Note that (1.9) implies that f € C*[B(4,) x [~¢, ,¢,], X]. By the definition
of H, {(x,7): x=0,(x,y) € U} is the local invariant unstable manifold
of equation (1.8) for all ¢ € [-¢, ,¢,]. Hence f(0,y,e)=0 for (0,y) € U,
and ¢ € [—¢, ,¢,]. Therefore, we have

f(x,7,e)=P(x,y,6)-X,

where

/Df e)ds: B(d,) x [-¢, ,&,1— L(X" , X).

Note that P is C' since [ is c?.
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It follows that by an appropriate change of variables we may assume that the
local unstable manifold of equation (1.1) is given by the y-axis in the neigh-
borhood U, of (0,0) and

(1.10) f(x,y,e)=P(x,y,¢)-x

However, we will lose two derivatives in this process. This says that if we
assume f has the form (1.10), then the function P is only C I
In the following, we assume f takes the form (1.10), P is C! and U, =

B(d,). By hypothesis (H2) we choose d, > 0, 0 < &, < ¢, and a constant
C, > 0 so that for every (x,y,¢) € B(d,) X [-¢, ,¢,], we have

(1.11) D,k (x )| < C,lx],,
(1.12) ID, k(v ,e)l, < C,lyl,
(1.13) IP(x,y,8)l, < C,(Ix|, + ¥]) »
(1.14) 1D ,yP(x,¥,8), < Cy s
(1.15) lg(x,y &) < C,(Ix], + ),
(1.16) D, ,,8(x,y,8)| < C,(Ix], + Iy]).

For each (¢,7,¢) € B(d,) x[—¢, ,¢&,], there exists a unique classical solution
(x(t;¢,n,¢€),y(t;¢,n,¢8) € Bd,), 0<t< T < +oo, for some T which
depends on (&,7,¢) satisfying the variation of constants formula

x(t;&,n,8)=e "¢ +/'e"'(""f(x(s;~’.‘,n ,8),(s;¢,1,€),8)ds,
(1.17) 0

t
y(t;E,n,8) = e“ﬂ+/0 e g(x(s;¢,m,8),9(s;,n,¢) &) ds.

Furthermore, for fixed ¢, x(¢;-,-,:): B(d,) x[-¢,,&]— X* and y(¢;-,-,"):
B(d,)x[—¢,,e,] = R are C? and the derivatives p(t)=D, ,”)x(t ;€,n,¢€) and
q(t) = D( &) y(t;&€,n,€) are the unique solutions of the integral equations
(1.18)

p(0) =9+ [ €MD, Fx(53¢ 1,8 9(53€,1.,2) . 0p(6)
+D, f(x(s;&,n,€),y(s;8,n,8),8)q(s)] ds,
a) =90+ [ 4D, g(x(53¢,1,0),9(53¢ 1. 990
+D,g(x(s;8,n.8),y(s;¢,n,€) ,€)q(s)]ds

for 0 <t < T. Note that (p(¢),q(t)) € L(X* xR, X" xR) and (p(0),q(0)) =
I: X*xR— X* xR (see Henry [8, pp. 62-65]).
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Under the assumption on the operator 4 and its spectrum o(A4) we may

assume the norm |-| on X % = X has been chosen so that
(1.19) le x| <e x|, >0,

_ C _
(1.20) le x| <—2e™|x|, >0,

where C_ is a constant depending on o (see Henry [8, p. 31]).
To obtain growth estimates for solutions in B(d,) x [-¢, ,¢,], we need the
following version of Gronwall’s inequalities:

Lemma 1.1. Let u,a: [0,00) — [0,00) be locally integrable, and b be a positive
constant. If 0<a <1 and

u(z)ga(z)+b/0'6—_l—s)—au(s)ds, 0<i<oo,

then
u(t) < a(t) + [BT(1 - )]/ ™" /0 CEL((t - )BT - )] ™ Ya(s) ds
where
Bri-a]’'"">0, E/()= it"(l_ﬂ)/l"(n(l —a)+1)
part

and T is the usual Gamma function.
Proof. See Henry [8, pp. 188-189]. O
Remarks. (1) E.(t)-t"T'(1 - ) is bounded as ¢ — 0" . Both E.(¢)- (1 —a)e™’
and E_(t)-(1— a)e”" are bounded as ¢ — +oo, which implies E ()(1- a)e”!
is bounded on [0, + o0).

(2) If a(t) = a, a constant, then

u(t) < a(l + E,(¢[bI(1 — )]/ 7).
Lemma 1.2. Let T> 0 be fixed and ¢ € [—¢, ,¢&,]. Suppose
(x(t;¢&,n,8),y(t;€,n,¢) € B(J,)
forall 0<t<T. Then
x(t5&,m,8)l, < IEl,(1+E,(8(6,)0)e™, 0<t<T,
where 6(8) = [C,C,T(1 — a)8/2]"/' 7.

Proof. From the variation of constants formula (1.17),

X(6:E,7.6) =e'A’¢+/0'e‘f“"”f<x<s;é,n,e),y(s;f,n,e),s)ds.
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Since f(x(s;¢,n,¢€),y(s;&,n,¢),¢) € X for (x(s;&,n,¢8),y(s;¢,n,¢€)) €
B(d,), 0<s< T, e€[-¢,,¢], by (1.20),

|e“"“’f<x(s-é n,8),y(s:€,1,¢8) )|,
|l f(x(s:8,n,8),y(s;¢,n,¢) ,8)|.

<
- (t )
By (1.12) and (1.13), we have
|f(x(s5&,m,8),y(s;¢,7m,¢),8)| < Co,|x(s;¢ .7, 8)l,

Thus,

_ tC —u(t—
|X(t ;é N ,8)|a <e ’”I{la +/(; We u(t S)Clazlx(s;é ) as)la ds.
Let u(t) = e”|x(t;¢,n,¢€)|, . Then
‘CaCl 2
o (t—s9)°

By Lemma 1.1, the desired estimate is obtamed. o

u(t) <u(0)+ [ —*—-%u(s)ds.

Next, we will derive an estimate for the exponential growth of

(D y*(t:& 1 ,8) D, ¥(t5€,1,8))

which is the unique solution of the variational equation (1.18) with initial value
I, the identity map on X* x R.

By the remarks after Lemma 1.1, [1 + E_(t6(4,))] - (1 — o) exp(—t0(d,)) is
bounded on (0, +o00). Hence, there exist 0 < J, < J,, a constant C, > 2 and
a fixed y, > 0 such that

(1.21) o=(u-24)/4-0(0)>2y,>0(5)>0 forevery0<d<d,,

(1.22) b=p-2)/4<u,

(1.23) A=(u+4)/2>2,

(124) (1+E (16(3)e " <C,, 0<t<+00,0<6<5,,
+o00

(1.25) / e as< e,

0 S
+00 x

(1.26) / s <
0+oo _ -

(1.27) / e THIS gs < C,
0

In the following, ie (0,4) is a given constant, and J, > 0 is a small
constant satisfying

(1.28) 6, <min{d,, (A~ 1)/(2C,),1/(2,/C,C,) @ + 1)/(8C)),
1/[2C,C,C,(3 + 2C,) + 8C,C,1}.
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To simplify the notation, we will use || and |-| as the operator norms in
spaces L(X® xR, X*) and L(X" xR ,R), respectively. Also, we will use |- ||,
as a norm in X” x R which is defined by

N, = Ixl, + v, (x,y)eX* xR

Lemma 1.3. Let 1,5, be as above, and ji,} be as in (1.22) and (1.23). Let
T> O Suppose (X(t,g,’],E) ,y(t,é,’],e)) 63(64) f0r OS t S T Then
D pX(t:8.m,8), S 267, 0<1<T, eel-¢,,6)],

|D(¢,,,)J"(t;é,'l’3)|32€“, 0<t<T, ee[-¢,s],

IDy(t;&,n,8)| > te*, 0<t<T,eel-¢,el
n 2 2292

Proof. Note that (D¢ ‘”)x(t;f 1,8), D (1 ;&,7m,¢€)) is the unique solution
of (1.18) such that (D ‘,’)x(O;é n,€),D, ’”)y(O;é ,n,¢€)) = I, the identity on
X* xR (see Henry [8, pp. 64-65]).

Define a metric space

V={p,q):p:[0,T]- L(X*xR,X*) and ¢q: [0,T] — L(X* xR, R)
are continuous in the operator norms |- | ,|-|, respectively}

with metric
d((p,4)) (P 4,)) = max (Ip,(t) = p,(1)l, +14,(8) = g, ()]} »

where |-|, and |-| also denote the norms in L(X”*xR,X”) and L(X*xR,R),
respectively. N
Let V be the subset in V' defined by

V={P,q):(®,9)€V,(p0),q(0) =1, the identity map on X* xR,
and |p(1)], <2¢7,|q(1)| < 26", 0< 1< T}.

Clearly, V is a closed subset of V.Let :V =V, »,q) =®p,q), be
defined by
(1.29)

p(t)=e""p(0) + /0 eTMIND f(x(s:E 0 1,2) 1538, 1,6) D0p(s)
+D,f(x(s;6,1n,8),y(s:6,1,¢) ,€)q(s)]ds,

q(1) = e*q(0) + /0 D g(x(558,1,2), (538, 1,¢,8) ,£)p(S)
+D,g(x(s;¢,7m,€),y(s;8,7n,¢8) ,£)q(s)]ds.

First we show that ® maps V into itself. Because of (1.12), (1.14), (1.16),
(1.19) and (p(0),q(0)) = I, by using similar arguments as in the proof of
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Lemma 1.2, we have

p(1), <™ / o 3C e lp(s) ds

+ [ aeamac e“‘"“’lx(s &.n,2)l Ja(s) ds
=I+L,+1, for(p,q)eV

—ut

Hence, we have I, = e and

_[_C (=)
1= /0 o230 b, ds
<6C,C,0, /0 (t——_lsTe_”('_s)e_i“ ds

=6C,C,d,e " f Lt g
a174 o (t—s) )
By (1.25) we have )
1,<6C,C,C,o,e”".
By Lemma 1.2 and (1.24), we have
(1.30) bx(t5€,m,8)l, < IEl,(1+ E,(16(8,))e ™™ < C,8,e! .
Hence,

‘£ C, —u(t=s)
I, = L T=9F a2Ce |x(s;&,m,8)l,lq(s)| ds
L _u—s) (—p+is s
< —_
—4CaC|C254/0 T e e ds

N t N
<4C,C,Co,e 7" / et g
0

(t-9)"
By (1.25) we have
1,<4C,C,Clo,e7".
Therefore, . )
P, <(1+C,C,C(6+ 4C2)54)e_’” <2e7#

since J, < 1/[C,C,C,(6 +4C,)] by (1.28). Similarly,
t t
()] < e + /0 e 702¢,8,lp(s)], + /0 e"'72C,8,la(s)\ ds
=I+I,+1,,

where T, = e* and

~

t
i,= /0 H02C,8,1p(s)]. ds

b oau-s) —is
<4Co, [ e e T ds
0

N t N I
= 4c, J‘e/u / o mAHANE=s) = (ki)s 5o
0
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Because of (1.23), (1.27) and —(A+ ) = —u + 1,

I, <ac,Co,e",

b t-s)
I, = /0 e 2Cd,lq(s)|ds
t R
< 4C164/ ™ ds
0
. t <
=4C1<54e“/ el A=) g,
0
By (1.26) we have I, < 4C, C264e':“ . Hence,

(1.31) 14(1)] < (1+8C,C,3,)" < 2¢™

since J < 1/[8C,C,] by (1.28). It follows that ®: V' — V. Next, we will equip
V with another metric d such that (V,d) is complete and the map ®: V — V
under this new topology (¥ ,d) is a contraction mapping.

Let (p,,q,),(p,,4,) €V and define

d((p, 4,) (0, -4,) = max (¢"[p,(t) - p,(1)], + ¢ la,(t) — &, (1))

0<t<T
It is easy to verify that (V ,d) is complete. To show ®: (V,d) — (V,d) is
contractive, let (9, ,q,) = ®(p;,q,), (p;,q;) € V for i =1,2. From (1.29),

we have

¢ ¢ s
15, (1) = 5, (1)), < / (—&—03c164 Ky (5) = py(s)],, ds

A

=1,+1,,

2Cie M x (538, m,8)],1a, (5) — 4, ()| ds

where

. t
fi=3c.co, [ _‘s () — py(s)l, ds

o (t
=3C,C,9, i (—t—)e M) TE (b (5) — py(s)],) ds
_ t 1 iV (f— -
<3C.C8,e" /O e T ds A4 (0200),

By (1.25) we have

i, <3c.CCo,e™™d(p,,9),(,,0))
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Because of (1.27) and —u + 2ji+ 4 =0 we have
e - C — (=
, /0 ——e _2Ce M=) x(s3& .y ,€)|,1a,(s) — g,(s)| ds
—u(t—s) (—p+ia+i —1s

HIm I (6721 q,(5) - gy(5)]) ds

L= |, ="
1

(t - s)a i
— U+ B)(1—$) (—pu+2i+i 7
e( uHR)(t s)e( H+2[+A)s dS d((Pl :q]) ’ (p2 ’q2))

t
< 2CaC1 C264/
(]
t 1
t—s)"
e(—u+ﬁ)(1—3) ds J((pl s q,) s (Pz ’ 42))'

<2C,C,Co,e™™ /
0
1
(t-9)"°

. t
=2C,C,Co e /
0

By (1.25) we have
I,<2C,C,Ci6,e™" d((p,,4) (P, )

Hence,

(1.32)

Moreover, from (1.26) we have
t

14,(6) - 4,(1)| < [0 €702C,8,lp,(5) - py(s)], ds

t
+ / e 792C,8,19,(s) - a,(s)| ds

"5, (t) - b, (1)], < C,C,C,(3+2C,)8,d((p, »4,) >, »4,))-

b

+

I
~an

-
N’Nm

where

e, d

= e 1841p,(5) = py(5)|ds
t - -

=2C,9, /0 e (|, (s) - py(s)]) ds

I =
= t 5 R _
_ 2C164e’"/0 o ~AHAE=3) = (it A)s dsd((p,,4,) (D dy))-

By (1.26) we have
I,<2C,C8,6" d(p,,9) . (;,4)) ,
3 t _
I,= /0 et 5’2C,64|q.(s) — q,(s)|ds
t .
=2C,4, /0 7967 1g,(5) - gy (o)) ds

. t -
<2C,8,¢" / N dsd((p, .0y 0, . 4y)-

By (1.26) we have -
iz S 2CIC264e)J d_((pl 9ql) ’(pz ,qz))'
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Hence,
_;_ -
12,(t) - 4,(1)] < 4C,G,6,d((p, ,4,) » (D, , 4,))-
Therefore, from (1.32) and the estimate above we have

d(p, ,4q,),(p,.4,)) = orggxr(eﬂ 18,(1) = B, (1), + e’i’|q,(t) -4,
<[C,C,C(3+2C) +4C,C,00,d((p, 4,) > (P, ,a)))
<3d((p,,49,),0,,9,))

since d, < 1/[C,C,C,(6+4C,)+8C,C,] by (1.28). By the contraction mapping
theorem, there exists a unique (p ,§) € V, such that (p ,§) = ®(p ,§) . By the
uniqueness of the solution of (1.18), we have

pt)= D(g,,,)x(t;é," ,€) g(t) =D(¢’,,)}’(t;€a’7,8)-

Thus, the first two estimates of the theorem hold:

D, x(t;&,n,6) <2 ™, 0<t<T,ec[-¢,8),
a 2 2

(@)
D (3¢ M) <26, 0<I<T, e€l-¢,,8)

Next, we show

%

IDy(t:¢,n,8) 24",  0<i<T
By (1.18), we have

(1.33)
D, y(t;¢,n.¢)

t
=M +/0 ' IID, g(x(s;¢,n,8),v(s;E,1,€) ,€)

D, x(s;&,n,€)+ D, g(x(s;8,n,€),y(5;6,1,¢) ,¢)
D, y(s;¢,n,¢)lds,
Dny(O,C ,n,€)=1.

Let
T,=sup{t:0<t<T, Dy(t;¢,n,¢) 20}

Since D”y(O,é,n,e) =1, T, > 0. We will show 7T, = T. Suppose the
contrary, T, < 7, D,,y(Tl ,&,n,€) = 0. By differentiating (1.33) in ¢, we
have
dD,y(t;¢,n ,€)
dt

=[A+D,g(x(t;&,n,8),y(t;¢,n,€),8)]-D,y(t;6,1,8)
+D, g(x(t;¢,n,8),y(t;8,n,¢),€) - D,x(t;¢,1n,8).
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Thus, by (1.15), (1.16), (1.28) and (1.30), we have for 0 <t < T

dD}’(‘?f,ﬂ,e) -
_'ldt— 2 [A-2C6,1D,y(t;¢ ,1n,8) — 2C, C254e( wHit
2 ZD,,J/(I ;6,1m,8) — 2C1C25:e(—u+ﬂ)t.

It follows from the above inequality and (1.28) that

~
At

D,y(t;¢,n,e)>3e", O0<t<T,.

Thus, D, y(T,;¢,n,¢€) 2 %e”‘ # 0. This is a contradiction. Hence, T, = T

and the desired estimate holds. O
By (1.21) and (1.24), we have

(1.34) 1+ E_(t6(8))le ™| <C, fort>0,0<d <34,
Let
(1.35) Q©6,,p,8) ={(x,y): |x|,<8,/2C,,ly - h’(x ,¢)| < p},

(1.36) Q7(8,,p,8) ={(x,y): (x,) €Q(S,,p,8),0 <y—-h(x,e)<p},

(l°37) Q—(a ' P ,3) = {(xay): (x’y) GQ(J spae) > _p<y—hs(x’8) < 0} ’
where ¢ € [-¢,,¢,]. Note that by (1.11) and (1.28), 4,/4 — Cldf > 0 and
|h°(x ,€)| < Cléf for |x|, <, and ¢ € [-¢,,¢,]. Thus, for every (x,y) €
Q(@d,,p,e) with 0< p<8,/4—C,3., v < |y -1’ (x,&)| + |k (x &) < 8,/4.
Hence, Q(d,,p,¢) C B(d,/2) for every ¢ € [-¢,,¢,].
Lemma 1.4. Let (x(¢;¢,n,¢),y(t;¢,n,¢)) be asolution of (1.1) in B(d,) and
0<p<éd,/4- C,J}. Then for every (£,n) € Q" (3, ,p,e)UQ™(8,,p &), there
exists (&€ ,n,¢) >0 such that
y(‘t({,ﬂ,8);6,r],s)‘y(f(é,ﬂ,S);f,hs(é ’8)’8)
_{54/2’ v(és")eg+(64’p’€):
- 4/2’ lf(é’”)eg—(é‘;ap’s)'

Furthermore, t: Q*(8,,p,e)UQ (8, ,p,€) — R is C* and satisfies

) )

1 1
(¢,n,6)>sIn——4+—— 7¢,n,8) < —In——24——
S R 0 M R TRy ]
8 At n 8)
D, t(¢,n,e))]<——e
| ) §.m,¢8)l 1(54—8C153

Proof. If (&,7n) isin
Q*(8,,p,6)UQ(J,,p,8) CQS,,p,e) - W (e),
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then (x(t;&,n,¢),y(t;&,n,€)) is not in Wl“oc(s) . Hence, the solution cannot

stay in B(d,) forall t>0. If |{| <J,/2C,, then by Lemma 1.2
|x(;¢,n,¢)|, < C,/2C,=46,/2 for0<t<T,

where T > 0 is such that the solution (x(¢;¢,7n,¢€),y(t;¢,n,€)) is in B(d,)
for all 0 <t < T. Hence, it has to leave B(J,) through either hyperplane
y =9, or hyperplane y = —4,. Therefore,

t=inf{t>0: |y(t;¢,n,¢)| = J,}

is well defined.
Let

A(t;E,n,e)=y(t;E,n,8)—y(t;E,h°(E,8),e), 0<t<t
Note that A is C*. Since (&,7) € Q(d,,p,¢),
A0, &, 1, 6)| = |n— K (€ ,e)| < p< 8,/4— C,6] < 8,/2.
Since (x(¢;¢,h°(&,¢),8),p(t;& 1 (€ ,€) ,¢)) isin W, (¢), by (1.11) we have
IAGE;E,m,8)| 2 [V(E;E,n,8)| - V(F;E, 1 (€ ,8) &) > 6, — C,6; > 8,/2.
Hence, by the intermediate value theorem,
(1.38) 1(E,n,6) =inf{t: 0 < 1 < &,|A(t;E, 0 ,8)| = 6,/2)

is well defined for every (¢,7) € §2+((54 ,P,E)UQT(6,,p,8).
Next, we will prove that

8,/2, i E.meQ'G.0.8),
—8,/2, if (€. EQ(G,,p,8).

We only prove A(t(¢,n,¢);¢,n,8)=46,/2 for (§,n)€ STr(é4 , P ,€) since the
other case follows the same argument.
Suppose the contrary,

A(T(€,n,€);6,1,8) = =0,/2.

Since (x(t;¢,h°(€,¢),8),y(t;¢,h° (& ,e) ,¢)) isin W
(1.28) we have

(140) y(T(éa”’s);é’”58) == 4/2+y(1(é9",8);éahs(€ ,8) ’8) < _64/4‘
Define

(1.39) A(T(é,ﬂ,e);é,n,8)={

(¢), thus, by (1.11) and

d(t;¢,n,8) = y(t;¢,n,8) =K (x(t:¢,7,¢) ,2).
Since (¢,n) € Q*(d,,p,¢), we have
d0;¢,n,e)=n—h(,e)=A05¢,n,€) > 0.
But, by (1.40), (1.11) and (1.28) we have
d(t(&,n,€);&,1,8) < —6,/4 -k (x(z(£,n ,¢) ,€)) < 0.
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Hence, by the intermediate value theorem there exists 7,, 0 <1, < 7({,7,¢),
such that

d(ty;¢,n,8)=0
This means (x(7;¢,n,¢€),y(7y;¢,7n,¢€) € Wlfm(s) and, therefore,
(x(t:€,m,8),y(t;€,n,€)) C Wi (e).
This contradicts (£,n) € Q(d,,p,¢) - Wlic(e). So (1.39) holds.
Since A(t;&,n,¢) is C? and

%(t;é,n,s)=M(t;é,n,s)+g(X(t;é,n,e),y(t;é,n,s),s)
_g(x(t;c9hs(é’8)y8)’y(t;éahs(¢98)a8)98)a
by (1.15) and (1.28) we have
oA ).6
(1.41) —(t;¢,n,¢) >——4C6 >0
ot =) | 2

for every (&,n) € Q+(¢54 , P,€). By applying the implicit function theorem to
the equation

At;E,m,6)=0,/2, (E,n)eQT(,,p.¢), e€[-¢,,8,],
we have that 7 is C2. Moreover, by Lemma 1.3 we have

0,/2=1y(t(&,n,€);&,n,8) - y(t(&,n,8);E, 1 (&, 8),8)|
< 26Ny - &, m)] < 264",

Thus

Yno 9
A dn-k(¢,e)
Similarly, by using Lemma 1.3 we can show

1 )
1(&,n,8) < =ln ——4
€8 < S E

Finally, let (&,7) € Q" (6,p,e) UQ (d,p,¢). Using the chain rule and
differentiating (1.39) with respect to (£, 7), we obtain

(¢, n.8) 2

oA
=E(t;¢a'la8) D(g,,,)f(f,ﬂ,fi)+D(¢,,,)A(t;<f,'l,8)
=eeme) =& n.2)

Thus, by (1.41) and Lemma 1.3 we obtain

8 Jn(& m.e)
D Tf, )| L ——  ——e O
e 1) 23, -8C,4,

The proof is complete. O

The following may be found in Henry [8, p. 71].
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Lemma 1.5. Let (§,n) € Q(d,,p.¢), ¢ €[~¢,,¢8], T>0. For equation (1.1)
there exists a constant C independent of & ,n,¢e,, T and J, (see (1.28)) such
that if the solution (x(t;&,n,¢),y(t;&,n,¢)) isin B(S,) for 0<t< T, then
forevery 0< B< 1, 4x(t;¢,n,¢€) € LR, X*) and

|4x(t;€,n ,8)| < C3t"_ﬂ_1e_‘” , 0<t<T,e€l-¢,8] O

Remark. In particular, choose f = a. Then

a

< §—3-e_’".
t

d
Ex(taéyﬂye)

Note that x(-;¢,n,¢) € C'[(0,T),X] but x(-;¢,7,¢) ¢ C'[(0,T),X°]
in general if a # 0. However, g;x(t ;&,7n,¢€) is an element in L(R,X®) and
bounded by C,e "/t for 0<t<T.

Lemma 1.6. Let
x,&,n,e)=x(z&,n,¢);¢,n,8), y,(&,.n,&)=y(&,n,€);8,n,¢),

where (£,n) € Q+(54 ,P,8), p<9,/4-— Cldf and ¢ € [—¢,,&,]. Then, there
exists a constant C,(6,) independent of & ,n ,e and &,, such that for (§; ,n;) €
Q*d,.p.8), i=1,2,
|-x|(¢| >"| ’8) _xl(éz ”72 :8)|a + Iyl(é] a”] 18) _yl(éz ,?72 aa)l
S C4(54)1(<1 ’ '71 ,éz ) ”z)a(|é| - ézla + |’7| - ”2') )
where a = min{j1/4,(u—A)/1} and
I, . n, ,& ny) = max{m, — K°(&; ,€): i=1,2}.

Proof. For (& ,n,) € Q" (3,,p,€), i=1,2,let
(1.42) E(s,&)=(1-5)¢ +s&, O0<s<l,

' fi(s,e)=mn, —h'¢& ,e)+ 1 (Es,e),8), 0<s<IL.

Then

&(0,¢),7(0,8) = (& ,n,) »
& ,e),7(1,8) = (& ,n, — K (& .8)+h(&,8),
fi(s,e)— h'(E(s,e),e)=n —h'( ,6), 0<s<L
Thus, (&(s,¢),7i(s,€)) € Q*(J,,p,€) for 0<s<1. Let

2

(1.43) Es,e)=&,  fi(s,e)=(1—s)i(l,e)+sn,
Then

€(0,),7(0,8) = (&, A(1 &) = (€(1,8), 71 ,2)) ,
E(1,8),4(1,8) = (&, 1) »
fi(s &) = B (E(s,e) &) = (1 = s)(m, — K, ,¢))
+s(n,—h’(&,,8), 0<s<lL
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Thus,

0< (s, &)~k (Es,8),6)<p, 0<s<I,
and 3

(&(s,e),7(s,€) €Q7(8,,p,8), 0<s<1.
Next,

le(él ,”l 18) _xl(éza"z,e)la
= |x1(€| s My ’8) _xl(éz’ﬁ(l ’8)18)+x|(§2’ﬁ(l,8)98)_x|(€2,”2’8)|

1 ~ 2 ~
=|/0 2 x1(E(5,2),2(5,),€)ds + -x,(E(s, ) s &), ) ds

a

< /01 D(é’”)xl(é(s s 8) s f](S ’8) ’ 8)%(5(3 ’8) > f](S s 8)) ds

a

| [ D500, 6,,00 565,00, (5, ) ds

=1, +1,

a

By using the chain rule, Lemmas 1.3, 1.4 and 1.5 and p < J,/4 - Cléf , We
have

D FRd &.n,e)l,

_ %x(t(f,ﬂ,a);é,ﬂ,s)D(é’")r(f,q,g)

+ D X156 8)icee )

a

__C_s__ o HTE ) 8 it .n.e)
2
(§.n,¢) A8, — 8C, 82

8iC,(9,/4) I
~ —In(1-4C,d,) - (A0, — 8C,5?)

-/ .
+2<%) In - K&, ).

Furthermore, by (1.11), (1.42) and (1.43) we have

+ |2 e—itr(f R ] ,e)l

In— K&, &)@ P/

| 75(€s.00.765.0) 25,0

= Icl - 62',, + Iths(é(s’s) ,8)'
S (1+ G0l - &,

a

and

£, 00| =Im,— (1,0 < Iny = n, | +H €, 8) - K&, 2)
< (1 + C|64)(|€| _ézla + "’1 - ”2')-
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Therefore, if we let

EPRNI 7 AL AL B <54>-f‘/1
Y _In(1-4C8,) - (26, - 8C,8%) 4 ’
1€, ., ,&,m,) = max{n, — h*(&, ,€): i =1,2},
a=min{(u - /%, i/1},

then we have

1, < Cy(6 / s ) - 6)|" ds
=C,(B)In, - h' ¢, &)
SC( ) (él’m:éz 5”2 |§1—52|a+|ﬂ1—’72|)»
Similarly,
L< & 5)/ (s, &) — B (E(s &), e)° ds
4(54)1(61 > rll ’62 ’ ']2) (Iél - ézla + I”] - ’72')
Hence,

1x, (&, 51, ,8) = x, (&, .1, ,8)],
<2C,(IE 1y 5 &, 1) (€, = &, + = m)).
Next, by (1.11) and (1.39) we have
Y& ,n 8=y (& ,.n,,8)l

=y(t&, . n .88, .8 —y(T(&,,n,,8);8,,1,,8)|

=16,/2+y(t(&, ,m,,€);&,  h (€ ,¢) ,€)
—8,/2+y(1(&;,n,,8):&, .8 (&, ,8) )|

= | (x(2(&, ,n, ,€):&, , h (&) ,€) ,€) ,€)
— B (x(t(&y,m,,€);&, .1 (&, ,€) ,€) , &)

< C,x(T(&, ,n, ,8);&, (& ,€) ,€)

—x(t(&,m,,8):&, 1 (&, ,8) €|,

Similarly, we can show

Iyl(él ,’71 ,8) _yl(éz )’72 ’8)|
<2C8,C, (8N, 51, 5y 1) (18, = &yl + 1y = 1))

Finally, if we let C,(d,) = 2(1 + CI(54)C”4(64) , then we have

Ix](él 9’7] ,6) _xl(éz a'lz ’8)|a + |y|(€1 1’71 ,3) _yl(éz a"z ,8)|
C4(54)1(é| ”’] ,éz ’nz)a(lél ‘ézla + |'7, - '72')' o
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In the following, we let J, and p <d,/4 - C](Sf be fixed and let

(1.44) po < min{[2°2(1 + C,6,)C,(3)1” ", p/2},
B(py) ={(&,m:IEl, < Pyslnl < py}>
(1.45) S(8,,8) ={(E,m): n=h(E,8)+3,/2,x|, < 8,/2}.

Since Wfoc(s) and Q(d,,p,¢) vary continuously in ¢ € [—¢, , 5], there exists
small 0 < ¢, < ¢, such that for p, as in (1.44)

(1.46) Blp) N W (&) # D,  e€l-g,,¢,,
(1.47) B(p,) C Q(d,,p,¢), e€[-¢g,,¢,l
We define a map

#' B(py) x [—¢,,8,] > X" xR

by

(1.48)

2E e)={(x'(é’"’g)’y‘(é””s))’ if (¢,1) €Q"(6,.p,6) N B(py),
M (0,6,/2), if (&,n) €{Qd,,p,6)-Q"(5,p,8)}NB(p,),

where (x,(¢,7n,¢€),y,(§,n,¢€)) is as in Lemma 1.6. Note that for each ¢ €
[-¢,,¢,], #'(-,-,€) maps B(p,) into §(d,,¢) as in (1.45). This definition of
#' is based on Sil'nikov’s ideas in [9 and 10].

Let Y be a Banach space, f: Y — Y'beamapand /: YxY — R be a real-
valued function. In the following lemma and sections, we say f is Lipschitz
continuous with Lipschitz constant /(y, ,y,) if

IfOD) = SO <Ly v)lv, = v,

for every (y,,y,) € Y x Y. We note that the “constant” [ is dependent on y,
and y, . This definition will let us have more precise estimates later.

Lemma 1.7. it'(é .1 ,¢€) is continuous in (§,n,¢) € B(p,) x [-¢,,¢,] and is
Lipschitz continuous in (£ ,n) € B(p,) with Lipschitz constant

C5(64)l(§| ’ ’7] ’62 ’ ”2)‘1
independent of ¢ € [~¢, ,¢,], where
Cs(6,) =2(1+C\6,)C,(d,),
1(61 s My ,62 "72) = max{|'7,- - hs(éi )| i=1,2},
and C,(6,) and a are as in Lemma 1.6.

Proof. The continuity of #' follows from Lemmas 1.3 and 1.4 and Definition

(1.48). By (1.44), the definition of #' and Lemma 1.6, it suffices to show that

"ﬁl@] > My ,€) — ;tl(éz > My ,8)”a < C5(54)1(‘f[ > My afz ,'lz)a(lél _ézla + |’I1 - ”2')
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holds for those (¢, ,7,) and (¢, ,7,) satisfying A = n, — hs(él ,€) > 0 and
A,=n,—h’(&,,e) <0, where |||, isthenorm |-| +]|-| in X* xR.
Let
y(s) = s(H &y, 8) + A + (1= 5)m,,  0<s<L.

17 (&) my8) = 7' (& o my ), N7 my,8) = 7 (&, (1), 8],
+ 117 (1) &) — 7' (& my ),
=1, +1,
Because #,(1)—h'(£,,€e) =4, >0, (&, ,7,(1) € Q*(d,,p,¢). By Lemma 1.6,
I, S GBI, oy »&, . my) (1€, = &, + Imy = (1)),
Since |, — 7i,(1)| = |1 (£, &) — K*(&, ,8)] < C,6,)¢, — &, by (1.11), so
I, S (1+ C8)C (8, 1 m,,&, 1) 1€, — &yl
Note that #,(1)—h'(&, ) = A, >0, but #,(0)— A*(&, &) = 1, — K°(&, &) =
A, < 0. So there exists 0 < § < 1 such that #,(§) = h’(&,,¢) and #j,(s) —
h'(£,,€) >0 for §<s<1,implying (&, ,7,(s)) € Q"(5,,p,¢) for §<s<1.
Hence, by Lemma 1.6,
(1.49) 17" (&,  7y(1) &) = &' (&, Ay(s) ,€)],
< C4(64)l(é| > My ,62 > "z)alﬁz(l) - ﬁz(s)l
for § < s < 1. By the continuity of n'(é,r] ,€) in (¢,n) uniformly in ¢ €
[-¢,,¢,] and (1.46), we have
17", , 7, (1) ,8) = 7' (&, 7,5) e)ll,

< CuBIE, i1y ,&, 5 1)) 1y (1) = y(5)]

= C, (B, n, 1y, 1) 1(1 = DK (&, &) — h* (& ,€)) + (n; — )]

<1+ C8)CyIIE, 0y, & 1) (1€, = &l + 1y — my)).
By the definition of #' in (1.45), #'(¢,,7,(5),&) = &' (&, ,1,,€) = (0,4,/2).
Hence, we have

L <(1+C8)C8IIE, . n, &, ,m) (1€, — &l + 11y — 1y))
Finally,

7', 0y .e) = 7' (&m0,
< 2(1 + C164)C4(‘54)1(¢1 ’ 7’1 >€2 ’ 'I;)a(lﬁl - Czla + I'I. - ’72')*
This proves the lemma. 0O

2. HOMOCLINIC BIFURCATIONS

Consider the evolution equation in X* x R with a parameter ¢ € R,

(2.1) X=—-Ax+f(x,y,e), y=Aiy+g(x,y,e).




BIFURCATION OF A UNIQUE STABLE PERIODIC ORBIT 559

In this section, we will consider the behavior of solutions near a homoclinic orbit
of (2.1) which is asymptotic to (x,y) = (0,0) at e = 0. We note that the c?
local change of variables (1.6) is valid locally at the origin for equation (2.1).
This says that the estimates obtained in §2 are true for the new variables and the
map #' is well defined in the new variables. In terms of original variables, it is
not clear that similar estimates in Lemma 1.3 will hold. However, the map !
is well defined in the original variables and is Lipschitz with a small Lipschitz
constant since #' is just a map and the local change of variables is C? and
is near the identity map. We also note that the domain of the map #' is also
given by the original variables.

Consider the following hypothesis:

(H3) At ¢ =0, equation (2.1) has a homoclinic orbit I, asymptotic to the
equilibrium (0,0).

Remark. In fact, hypothesis (H3) implies that I';, belongs to X* x R.

In this section, we consider the behavior of solutions of equation (2.1) near
I, for |¢| < 1. To do this, we consider certain return maps near I';.

(i) Construction of the map n'. Recall from §1 that under hypotheses (H1)

and (H2), the local stable and unstable manifolds of the origin (0,0) exist and
they are given by (1.2), (1.3) in §1:

Weo(e) = {(x,y):y =h'(x,e),|x], <4},
W (8) = {(x,9): x = K(v &) , V| < &},

where 4, > 0 is as in §1 and h* and h* are C* and satisfy (1.4), (1.5).
Note that the change of variables H(-,-,¢) of (1.6) is near the identity map.
In the new coordinate system it has been shown in Lemma 1.7 that the map
#l: B(py) x [-¢,,€,] = X* x R is well defined by (1.46) where Py &, are as
in Lemma 1.7. Define

(2.2) G(py,e)=H '(B(py),8), e€[¢,,8,],

23) 36,.8) = H'(S6,,0),6), escl-t,.z,],

where S(J, ,¢) isasin (1.45). Since G(p, ,¢) is open, there exists p, satisfying
(2.9) P, < py/(2+C\4,),

(2.5) B(p,) c B(p,) C G(p,,0),

where B(p,) is the closure of B(p,) in X® x R. Since both Wl"oc(s) and
G(p, ,€) vary continuously in ¢ € [-¢,,¢,], there exists a small 0 < &5 < g,
such that the corresponding properties (1.46) and (1.47) in §1 hold for B(p,),
i.e.,

(26) BOINWLE) £D,  sel-t,5],
(2.7) B(p,) C G(py¢€), e €[—¢5,&]
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Note that by (1.6) and (1.11),
(28) ”D({ ,,,)H(é N ,8)”& < 2+ C|54 ’ (é >N 38) € B(pl) X [_85 185] s
(2.9) 1D yH ' E.m.8)l, <2+ C,,  (£.1,8) € B(p)) X [—&5 8],
Thus, H(-,-,¢) maps B(p,) into B((2+ C,d,)p,) for ¢ € [-¢,,¢5]. By (2.4)
we have

H(B(pl),s)CB((2+C154)p])CB(p0), 86[—85 ,85].

Define Hx1I: B(pl)X[—85 ’85]_'XQXR by (HXI)(éa”’£)= (H(é,rl,S),E),
and &' x I: B(p,) x [~&5,65] — X" xR by (&' xI)(&,n,8) = (%' (&,7,¢) ¢) .
Then #': B(p,) x [—&5,&5] = X* x R is well defined, where

1

(2.10) #eH Y (7' xDoHxI),).

By Lemma 1.7, (2.8) and (2.9), it is clear that #' is continuous and Lipschitz
continuous in (£,7n) with a Lipschitz constant

(2.11) (2+ C, 8, CiBIE 7, & 1)
where C(d,), / and a are as in Lemma 1.7, and (é_,. ;) =H(; ,n;,¢€) and
(c,' a'l,’) GB(pl)’ i=1,2,¢€ [—85 ’85]’

Next, let po = (éo , no) € B(p,) NI, be fixed. For every

0< p<dist(p’,0B(p,)),
the distance from p0 to the boundary of B(p,), there exists 0 < g(p) < &
such that for B(p®,p) = {(¢,n): |& - Cola <p,|ln-n°| < p} it satisfies
(2.12) B’ ,p) W () #D,  e€l-¢,(p),2(p)].
Since H(-,-,¢) maps B(p0 ,p) into B(H(f0 , 710 ,€),(2+ C,4,)p) for every
€ € [—&4(p) . &5(P)],
sup{l/(,,7,,&,,7,): (&, 71,) = H& ,n;,8), (& ,n; ,€)
(2.13) €B(p",p) x [-&(p), — &5(P)),i=1,2}
<2V2(2+C\8,)p,

where function / is defined in Lemma 1.7. 1
Finally, we define 7' to be the restriction of # to B(p0 , P)X[—&4(p) , &5(p)]

where #' is as in (2.10). In other words, 7' is defined by
(2.14)

€ ny=r'E.n,e)=FC&.m.e), (€.n.8)€BE°,p)x[~2(p) . &(p)].
Define

(2.15) p'(e) =" .n' (&) =H '((0,6,/2),8), &€[—£p).&(n)].
(¢) with £(J,/2,¢).

It is clear that pl (&) is the only intersection point of Wl“oc
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We may summarize the properties of n' in the following:

Lemma 2.1. Let n': B(p° ,P) X [—&¢(p) ,&5(p)] = X* xR be defined by (2.14),

where 0 < p < dist(p0 ,0B(p,)) and B(p0 ,P) > €5(p) satisfy (2.12). Then '
satisfies the following:

(a) Let (¢,m) € B(°,p), & € [—¢(p). (P If n > h'(E,e), then
7' (&,n,€) is the intersection point of X(d,/2 ,¢) with the orbit of the solu-
tion of (2.1) with initial value (¢ ,n) and parameter €. On the other hand, if

n< h'(&,e), then o' (&, n,e) = (&'(e),n' (), where (£'(e),n'(¢)) is defined
by (2.13),

(b) nl(ﬁ ,n,€) is Lipschitzian in (&,n) € B(p0 , p) with Lipschitz constant
C,(8,)p" uniformly in ¢ € [—&(p) ,€,(p)], where

Cy(8,) = 222+ C,8,)"1Cy(8,) ,
C,(d,) and a are as in Lemma 1.7.

Proof. (a) follows from the definitions of #' and n'.
(b) follows from (2.11) and (2.13). O

(i) Construction of the map n*. Let p° and pl(s) be as in Lemma 2.1
and (2.15) respectively. Since °, p'(O) areon I'j and p'(O) € Wl’;c(O) , there
exists 7> 0 such that

(x(T3¢'(0),7'(0),0),(T;¢'(0),1'(0),0) = €°,n°) = p".
By the continuous dependence property on the initial values and parameter

for solutions of equation (2.1) (see Henry [8, pp. 62-70]), there exist constants
r, >0 and ¢, > 0 such that the mapping

(X(T3,+,7),9(T3,+,): B(p' (0), 1)) x [¢, ,&;] — B(p,)
is C* , where B(p,) is as in (2.6) and (2.7). We define
n': B(p'(0),r)) x [—¢; ,6,] — B(p,)

by n’ = x(T;-,-,?),y(T;-,-,-)). Since 2’ is C* at (pl(O),O), there exist
0<r,<r, and 0<¢g; <e¢, such that

2 ; 2
1D @ & o1 s 0)ll, < ID o7 (2" (0),0), +1
for every (é] , 17' ,€) € B(p'(O) ,1y) X [—¢&g ,]. Let
(2.16) C, =Dy, o7 (@' (0),0)ll, + 1.

Note that forevery 0 <r <r, and 0 <e < ¢, n’ maps B(p'(O) ,r) X [—¢,¢€]
into B(p0 ,Cor) and n? is Lipschitzian with Lipschitz constant C,.

(iii) Construction of the map =. Let p'(¢) = (£'(e),n'(e)) be as in (2.15).
Since p'(e) is continuous in ¢ € [—¢&(p) , &,(p)] for every

0<p< dist(po ,0B(p,)),
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there exists 0 < &,(p) < &,(p) such that

€' (e) = €' (0)], < C4(B)0°p, e €l-ey(p) 2(P)],
In'(e) = €'(0)] < C4(B)p°p,  e€l—ey(p),eo(P)],
where &¢(p),C,(d,) and a are as in Lemma 2.1. Let

. 1 —1/a r, —1/a+1 ‘ o
(2.18) ”Z‘mm{[zc7c6(a4)] [m] , dist(p ,aB(p.))},

€= min{sg ’69(/72)} ,

(2.17)

where r,, C, and ¢g are as in (2.16). By Lemma 2.1 and (2.17), 7' maps
B(p®,py) X [-2,9,2,0] into B(p'(0),2C4(8,)03p,) . By (1.19), 2C,(6,)95p, <
r, and &, < & . Hence, by the construction of n , n’ maps

B(p'(0),2C4(8,)02p,) X [—€,0 > €]

into B(p° ,2C,C¢(8,)p3p,) - By (2.18) we have 2C,C,(6,)p; < 1/2, thus, the
composition

(2.19) n(-,-,8) =n(n'(-,,€),8)

maps B(p0 »Py) X [—€,4,€,0] into B(p0 ,p,/2) . Furthermore, it is clear from
Lemma 2.1 and (ii) that = is continuous in (£,n,¢) and =n(-,-,¢) is Lip-
schitz continuous for every given ¢ € [-¢,,,¢,,]. The Lipschitz constant
is C6C6(54)p‘2' which is less than 1/2 by (2.18) and independent of ¢ €
[—€,0,€0]- Therefore n(-,-,&) is a contraction mapping for every
e€[—¢€,,,€,].

We may summarize the properties of 7 in the following:

Theorem 2.2. (a) = is continuous and =(-,-,€) is a contraction mapping from
B(p0 ,Py) into B(p0 , p,) With contraction constant less than 1/2 uniformly in
e€[—€,,€,]

(b) If (€.,n) € B(p®,p,) and n > h°(& &), then m(&,n &) is on the orbit
of equation (2.1) containing (£ ,n). If (£,n) satisfies n — h*(&,¢e) <0, then
n(&,n &) isaconstant map with n(&€,n ,¢) = nz(pl(s) ,€), where 7’ and p'(s)
are as in (ii) and (2.15).

(c)

B, p) n{E. m):n—h(E,e)>0#£D,  e€l-¢4,&4l,

B, p)N{E.m:n—h (&) <0} £,  e€l—gq,8,]
Proof. (a) follows from the construction of n as in (2.19).

(b) follows from Lemma 2.1.
(c) follows from condition (2.12). O
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(iv) Homoclinic bifurcation theorem. Let p'(e) = (£'(e),n'(¢)) be as in
(2.15), and ¢ € [-¢,,,¢,0]. Let

(2.20) Pie)= (), n @) =n'(p'(e),8), e€l-¢4,0ls

(2.21) W (&) = {(&.m): (€,m) = (x(t58y .19 ,8) , V(15855 1g 5 €))
for some (¢, ,7,) € loc() no—hs(éo,e)>0,t20},
e€[—¢€y,&,]

W:(s) is part of the global unstable manifold of (0,0). Note that pz(a) €

B(°,p,)N W (e). We will assume without loss of generality that T'y = W(0).
In the following by a neighborhood N(I')) of I', we mean an open subset
in X* x R which contains I'yuU {(0,0)}.

Theorem 2.3. Consider the following semilinear evolution equation with a real
parameter ¢ € [-¢,,¢)],¢,>0:
(222) x=_Ax+f(xay’8)’ (x9y98)€XQXRx[_80380]a
' y=2Ay+gx,y,e), (x,y,6)€X xRx[-¢,,¢)
Suppose (2.22) satisfies:

(H1) A is a sectorial operator with Rea(A) > u>1>0;

(H2) For some fixed 0 < a < 1, f € C’[X* x Rx [—¢,,&],X], g €
C3X* x R x [—¢,,¢],R] and

£0,0,8)=0, D, f(0,0,00=0, ee[-g,zl,
£(0,0,e)=0, D(x)y)g(0,0,0)=0, e€[—¢,¢];

(H3) At & = 0, equation (2.22) has a homoclinic orbit T, asymptotic to the
equilibrium (0,0).

Then there exists a neighborhood N( 0) of Ty and 0 < &, < &, such that
W.(e) c N(Iy) and W(e)nW; (¢) = @ if and only if there exists a periodic
orbit in N(I'y), where W“(s) zs the orbit of (2.22) through (&, ,n,) satisfying
(& 1p) € W,o(e) and T = W:(O) (see (2.21)). Furthermore, this periodic
orbit is unique in N(I')) and is exponentially orbitally asymptotically stable.

To prove our main result above, we need the following lemmas.

Lemma 2.4. Let p'(e) and T>0 beasin (2 15) and (2.16), respectively. Let
F ={(x,y): x = x(t;p'(0),0),y = y(¢;0'(0),0), 0 <t < T}. Then there
exist g, > O and neighborhoods Nl and N, of (0,0) € X* xR and fo'
respectively, such that

(@) N(I'y) = N, UN, is a neighborhood of the homoclinic orbit Ty;

(b) if y is an orbit of equation (2.22) at ¢ € [—¢,, ,¢,,] satisfying yNN, # D,
y € N(T,), then

n—h(&,e)>0 forevery (&,n)eynN,,
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where h® is the map whose graph is the local stable manifold (see (1.2));
() if (€.,n) € N, and & € [~¢, ¢ ], then(x(t;¢,n,¢), y(t;¢,n,¢) €
B(p0 ,p,) for some t >0, where B(p0 ,P,) is as in Theorem 2.2.

Proof. Let 6, ,p and Q(J,,p,¢) be asin Lemma 1.4, and ¢, and S(J, ,¢) as
in Lemma 1.7. Define

&) ={(C,m: |, <8, —,/4<n-h(,e) <4},
ONT(e)={(€,n): |, <6y, —8,/4=n—-h(,e)}

for ¢ € [~¢,,¢,]. Then

(2.23)

ﬁ()DQ(4ap 8)’ €€[—£4,84],

(2.24) ~
N(e) > S(d,,¢), e €[-¢,,¢,)

By Lemma 1.7, for every (¢,7n) € N(e) NQ (d,,p,¢) there exists £ >0 such
that (x(t;¢,n,¢€),y(t;¢,n,¢)) €ON (g) for ¢ € [-¢,,¢,]. Let H be as in
(1.6) and

(2.25) N, =H '(N(0),0), 8N, =H (N (0),0).

Since H is continuous in ¢, there exists 0 < ¢,, < ¢,, (see Theorem 2.2) such
that
(2.26)

N, > H ™ (Q(8,,p,8),8) > H ' (B(py) &) = G(py,8) D B, p,) ,
e€[-¢,¢,],
N, D> H'(S(3,,¢),6) = %0, ,8), e€l-¢,.e,],
where B(p,),G(p,,¢€),X(d,,¢) and B(p0 ,p,) are as in (2.2), (2.3) and The-
orem 2.2. This implies the following properties:

if (£,7) € N\nH ™' (Q7(8,,p,2) ,8)- Wy, () and & € [, el

2.27
( ) then (x(¢;¢,n,¢),y(¢;¢&,n,¢)) will leave N, through N,

(2.28) ON, is closed with I NaN, = J.

By continuous dependence on initial values and parameters and property
(2.28), forevery p = (x(t ;pl(O) ,0),y(¢ ;pl(O) ,0)) € I there exist 7 = F(t) >
0 and & =£(¢t) > 0 such that B(p ,7)NON, =@ andif ({,n) € B(p,7) and
e €[-£,€], then

0
(X(T— taé N 18) sy(T - t’é >N 38)) GB(p ,Pz)-

Note that U0< <7 BB ,F) is an open cover of f' . Since i:o i1s compact, there
exists a finite open subcover N, =U_, B(p, ,7;), where

= (X(ti 194 (O) ,0) ay(t,‘ 4 (0) ,0)),
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r,=Ft) and 0 < ¢, <t <---<t, <T. Without loss of generality we
may assume f, = 0 and p(0) = p'(O). Define ¢, = minos,.s"{é(ti)} and
N(,) = N, UN,. We need to show that N(I'j)) and ¢, satisfy the required
properties (a), (b) and (c).

It is obvious that N(I')) is an open neighborhood of I'yu {0}. This yields
(a). Since N, NON, =& and N, C ON, C ON(I')), the boundary of N(Iy).
This and property (2.27) imply (b). (c) follows from the definition of B(p ,7).
a

Lemma 2.5. Let p'(¢), N, and T be as in Lemma 2.4. There exist 0 < &, <
€,, and F > 0 such that the following properties hold:

(a) if (£.,n,€) € B(p'(0),7) x [~&,,5,), then (x(t;&,n,€),¥(t;€,n,¢) €
N, forall 0<t<T;

(b) if ¢ € [~&), &, then ||p'(e) = p' (Ol < 7/4;

(c) if p*(e) = (E" (&) ,n"(€)) is the unique fixed point of the map n in Theorem
2.2 and e €[-&,&y], then

lp™(e) = (€7 (e) , °(£" (¢) ,€))ll,, < min{C,7/4, p,}

where the constants C, and p, are given in (2.17) and (2.19), respectively.

Proof. Let 7(t) be as in the proof of Lemma 2.4. By Lemma 2.4, if (¢{,n) €
B(p'(0),7(0)) and e € [~¢,, ,¢,], then (x(t;¢,n,¢€),y(t;&,n,¢)) is defined
forall 0 <t < T. We claim that there exist 0 < ¢, < ¢, and 0 <7 < #(0)
such that for every (£,7,¢) € B(pl(O) JF) X [—€,,8.,],

(x(t§f,’l,8) ,y(t;é’”as)) € N2
for every 0 < t < T. Suppose the contrary. Then, there exists a sequence
{(ék ’”k ’8]( atk)} > k = l ’2 3 ccc suCh that (x(tk ;¢k ar,k ’sk) ’y(tk ;ék a”k ’8]())
€ON,, (& . ,€)— (51(0) ,172(0) ,0) as k — +oo and 0<¢, < T for every

k=1,2,.... Since [0,T] is compact, we may assume t, — I, € [0,T] as
k — +o00. By passing to the limits, we have

Ty 3 (x(64:¢'(0),1'(0),0),¥(t5:¢'(0) ,#'(0) , 0))
= Hm (e(t58, 5 M 5 8) s Y (438, 5y 5 8)) € ON,.
This contradicts i:o C N,. This yields (a). Next, since p*(e) and p'(s) are

continuous in ¢, there exists 0 < ¢, < ¢, such that properties (b) and (c)
hold true for ¢ € [-¢,5,¢,;]. Define

& = min{e, &, 8,83}

This yields the desired results. O

Lemma 2.6. Let & and p*(e) be as in Lemma 2.5 and N(T)) be the neigh-
borhood in Lemma 2.4. If y is a periodic or homoclinic orbit of equation (2.22)
at e€[—-&,,&)) and y C N(T,), then p*(e) € y.
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Proof. Let y be either a homoclinic, or periodic orbit of equation (2.22) at ¢ €
[-&, ,&,]. We will show that the inclusion y C N(I';)) implies p(¢) € y, where
p*(e) is the unique fixed point of the map n(-,-,¢) defined in Theorem 2.2. If
y is a homoclinic orbit, then pl(s) €y and p(e) = nz(p'(s) ,E) € B(p0 s P3)
where p, is as in (2.18) and ¢ € [-¢;,¢;]. Since y C N(I)), then yNn N, N
H_'(Q_((S4 ,P,€),€) = by Lemma 2.4(b). By Theorem 2.2(b), (n)k(ﬁ(s) ,€)
ison y forevery k=0,1,2, ..., where (1)(5(¢),¢) = n((n)* ' (B (e) ,¢) , &)
is the kth iterate of 7(-,-,¢). Since y N W, (&) # @, there exists K > 0
such that (m)*(p(e),e) € W, (). By Theorem 2.2, n((n)"(B(e),e),¢) =
n’(p'(e),e) =p(e), ie, p(m) T (B(e),e) = f(e). Thus, f(e) is a fixed point
of (7t)K+l (-,-,¢€). Since every fixed point of any given iteration of a contraction
mapping is a fixed point of itself, we have p(e) = p*(e). Similarly, if y is a pe-
riodic orbit in N(I',), by Lemma 2.4(b), ynH~'(Q(d,,p ,¢) &) = . By the
hyperbolicity of (0,0) € N,, y ¢ N, , i.e., yNN, # . By Lemma 2.4(c), there
must be a point q0 €y r']B(p0 »Py) - Since y N H_I(Q_((S4 ,P,€),€) =T, by
Theorem 2.2(b), qk = (7t)k+'(q0 ,€) ison y forevery k=0,1,2,.... Since
y is periodic, there exists K > 0 with qK = q' , l.e. ql = (7t)K(q1 ,€). This
implies that ¢' = q"(¢) by the uniqueness of the fixed point for (n)k(o , 5 E€) s
k=1,2,.... O

Proof of Theorem 2.3. We show that the condition in the theorem is neces-
sary. Suppose W:(s) C N(I',)) for some & € [-¢,,¢;], then by Lemma 2.4(c)
Wie)nH '(Q7(3,,p,¢),&) = D. We claim that

p(e) ¢ H (Q(d,,p,¢),8)
Suppose the contrary. By Theorem 2.2(b), p*(e) = n(p*(¢) ,&) = nz(p'(e) ,E) €
Wf(s) . This is a contradiction. Since p~(¢) ¢ H_](Q_((S4 ,P,€),¢€), by The-
orem 2.2(b), n(p"(e),e) = p*(¢) is on an orbit y of a solution of equation
(2.22). It follows that y is a periodic orbit. Next, we need to show y C N(I')).
Let the real valued function 7 be as in Lemma 1.4 and
T(e) = T(H(p" (¢) , ) , ).
Then, by Lemma 1.4, (x(z;p"(¢),€),y(t;p"(¢) ,€)) € N, for 0 <t < 17(e).
By (2.18), Lemma 2.1 and Lemma 2.5(b), (c) we have
(2.29)
* * 1 1
Iz' (0" (e) &) - 2" (O)l, < lIx' (0" (2) &) = p' @), + Ip' (&) - p' (O,

< C6(54)p‘2z min{C,7/4,p,} +F/4

<F/A+F/4=TF]2,
where C,(d,) a, p, and C, are as in Lemma 2.1 and Theorem 2.2; 7 is as
in Lemma 2.5. Thus, by Lemma 2.4(c),

1

(x(t+7(e);p7(e) ,8) , (2 +T°(e);P7(e) ,&)) €N,
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for 0 <t < T. Therefore y C N(I')) . We note that the period w*(e) of y is
w'@E)=1t"6)+T.

We now show that the condition in the theorem is also suﬂicient.' Let y
be a periodic orbit. By Lemma 2.6, p*(¢) € y. Let p(e) = nz(p'(s) ,€) €
W:(e) rWB(p0 , p,) be as in the proof of Lemma 2.6 and 7 be as in Lemma 1.4.
Define

k, = JER
e)=(n) (p(e),e), e€l-¢,&],
<k o
e)=t(H({P (¢),¢),¢), ¢e€[-§,&)],
for k=1,2,.... We will show that
(230) B eHQ4,.0,.0).80), e€l-&.El, k=1,2,...,
and

U {((x.9): x=x(t:0'(e) &),y = y(t;0' (&) &)} € N(T),

0<I<T
~k ~k
(2.31) U {(x.»):x=x(t:5(e),8),y=y(t;p (¢),8)} CN(T),
0<1<#(e)+T
ee[-¢,,5], k=1,2....
Note that if (2.30) and (2.31) hold true, then, given a p € W_':(s), p isin
either

U {(x.9): x=x(t:0'(e) &),y = y(t;0'(e) &)} € N(T)

0<i<T
or
U  {xomix=xt:8%e),8),5 =y(t:5 () &)} UNT,)
0<1<H (e)+T
for some k = 1,2, .... Therefore, the conclusion W{(¢) c N(T;) holds

true. Thus it suffices to show (2.30) and (2.31). Suppose (2.30) is not true,
then there exists K such that 5 (¢) € H™ Q7 (8, ,p,,¢),6) UMW (¢) and
5 (e) ¢ H'(Q (3,,p,,6),8)UWS (e), k=1,2,... ,K— 1. By Theorem
2.2(b), n(B¥(e),¢) = n(n)X(B(e),e),e) = F(e). It follows that j(e) is the
fixed point of (m)**'. Thus, it is the fixed point of 7 and j(e) = p*(e) € y.
This is a contradiction and proves (2.30). By Theorem 2.2(b), ﬁk(s) is on
Wi(e) forevery k =1,2,.... By Lemma 2.5, we have

U ((.): x=x(t:0"() ,8) .y = y(t;0'(8) &)} € N(T).
0<t<T

By Theorem 2.2(a) and Lemma 2.5(b),(c) we have

(2.32) 15“@) - p"@)Il, < () 15" ) - " (@),
<d)¥c,r/a,
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where p” (e) = (& () ,h° (&7 (¢) ,€)) € W, (¢) . By Lemma 2.1, (2.18) and (2.30)
we have

(2.33) ' (5% (e) &) — n' (0" (e) , ),

< C,(8)03 5 (&) - " (@),

< Cy(0,)C,p3(1/2) 7/4 < 7/8.
By (2.29) and (2.33) we have

In' 5" @).) - p' O)ll, <7/2+7/8 < F.
It follows that, by Lemma 2.5(a),

~k ~k
U {x.»):ix=x(t;:8"(e),e),y =p(t;5 (¢),€)} C N,
#(e) <1<tk (e)+T

By the definition of N, and Lemma 1.4 we have

U (&) :ix=x(t:5%).0).y =y(t:5 (@), 2} CN,.

0<t<t*(e)

Therefore (2.31) is proved. Finally, the exponentially asymptotic stability of y
follows from Theorem 2.2(a). O

Corollary 2.7. Suppose the same hypotheses of Theorem 2.3 hold for equation
(2.22). Then there exists a neighborhood N(T;) of T U{(0,0)} in X* xR and
0 < &, < g, such that if there is a homoclinic orbit in N(I')) for equation (2.22)
at |e| < &, then there exist no periodic orbits in N(I;).

3. HOMOCLINIC BIFURCATION FOR RETARDED
FUNCTIONAL DIFFERENTIAL EQUATIONS

In this section, we will derive analogous results of the previous sections for
retarded functional differential equations. For the basis theory of retarded func-
tional differential equations, we follow the usual treatment of Hale [7].

Let R” be the n-dimensional Euclidean real space, let r be a fixed positive
constant and let C be the space of continuous functions from [-r,0] into R"
with the usual sup-norm |¢| = sup_, o, |#(0)].

Consider the linear autonomous delay equation

0
(3.1) x(t)=L(x), L@)=[ [dn(0)¢(0), ¢€C,

where 7 is an n x n matrix function of bounded variation and x, € C with
x,(0) = x(t+6) for —r < 6 < 0. Consider the perturbed autonomous equation
with a real parameter ¢ € [—¢;,¢,]:

(3.2) x(t) = L(x,) + f(x,,¢),

where f: Cx[-¢;,¢)] — R" is continuous and takes bounded sets into bounded
sets, &, > 0 is a fixed constant.
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Let x(¢) and x(¢,¢) be the real-valued solutions of (3.1) and (3.2) respec-
tively with initial value ¢ € C at t =0. Let 7(¢) be the semigroup generated
by the solution x,(#) and let 4 be its infinitesimal generator with domain
D(A)={¢: 9 € c' ,9(0) = L(¢)}. The spectrum o(A4) of A contains only
point spectrum and A € 6(A) if and only if A satisfies the characteristic equa-
tion detA(d) =0, where

LY
A(d) = Al - e dn(0).
Our discussion will be based on the following hypotheses:

(H4) The characteristic equation detA(4) = 0 has a unique root 4 > 0 which
is simple and the real parts of all other solutions of detA(d) = 0 are strictly
less than —4;

(H5) f(¢,e) is C in ¢ and & and satisfies
f(038)=09 86[_80’80]9 D¢f(098)=0’ 86[_80a80]'

By hypothesis (H4), C is decomposed by the eigenvalue 4 of 4 as C =
S@® U, where U is the one-dimensional eigenspace of {i}. Let ¢, = ¢1(0)e’w
be the eigenvector of 4 and y, be a row eigenvector corresponding to the eigen-
value A of the formal adjoint operator 4* of A associated with the bilinear
form

0 '}
(3.3) (o, 6) = a(0)$(0) - /_ , [O a(& — 8) dn(6)p(&) de

where o isa 1 xn continuous row function on [0,r] and ¢ € C. It is known
that

U= {¢: € C,¢=ap, for some a € R},
S={¢:9€C,(y,,¢) =0}

Forevery ¢ € C, ¢ = ¢’ +¢" with ¢" = (y,, )9, €U and ¢’ =p—-¢“ € S.
Note that U and S are closed subspaces of C.
Let X,(0) be the matrix function defined by

0, -r<6<0,
I

s0-{r ol

We may extend the definition of T'(¢) to include its action on X|, (see [7]). X,
has the following decomposition:

(3.4) Xy =000, Xo=X,-X,.
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Note that if v € R", then T(¢)X;v € U forall t € R and T(t)X,v € S for
t > r. Furthermore, there exist constants K, and u > A > 0 such that
1T’ | < Kie™|¢'|, 120,48 €S,
IT()Xg| <Ke™, 120,
T(1)¢(0)=T(+0)p(0), +620,

(3.5)
T()p(8)=o(t+86), -r<t+6<0,
T()¢" = ¢“e”, —oco<t<+oo, d“cU,
$"(0) = ¢"(0)¢”’, 6e[-r,0], "€ U

Let the solution x(¢,¢) of (3.2) be with initial value ¢. Then x,(¢,¢)
can be decomposed as x,(¢,&) = x,(¢,¢) + x, (¢ ,¢€), with x;(¢,e) € S and

x,“ (¢,€) € U. Then we have the variation of constants formula (see [7, pp.
143-147, 185-188]):

X(b.e) = T(1)¢ + / T(t - ) Xof(x,(6.¢) &) der,
(3.6) 0

X' (¢,¢) = Mo+ /ot ew—a)X:f(xa(gb ,€),¢€)da.

Let P°: C — S and P“: C — U be the projection operators, i.e. if ¢ =

¢' +¢" € C, then P’¢=¢° and P¢ = ¢". Since f is C°, x,(¢,¢€) is c?

in (¢,¢) for all £ > 0 in the maximal interval of existence. Let yf(d) ,€) =
x;(¢,¢) and y/(¢,¢) = D,x/(¢,¢). It follows from (3.6) that

v (¢,€) =T ()P + / T(t — 0)XoD,f(x,(¢,€) ,€) - v, (¢ ,€) dar,
(3.7) 0

yi(®.e) = T(O)P* + /0 T - a)XED, f(x,(6,2) 6)- v, (6, ¢) dov
Note that if ¢ € C, then
T()P'p=e"¢", teR
By hypotheses (H4) and (HS5), there exist 4, > 0 and 0 < ¢, < g, such
that the local stable and unstable manifolds W oc(€) 5 W () exist in B(4,)

loc

for ¢ € [-¢,,¢,], where B(d,) = {¢ € C: |¢|<61,|¢|<(5} (see [7, pp.
210-214]). Moreover,

Ioc()_{¢ ¢+¢ ¢ —h(¢ |¢S|361},

(3.8) )
Wel(e)={p=¢"+¢":¢"=h(s", )|¢I55,},

where 4 and h, are C. h is given by
(3.9)

0
h (8" &) = /_ T(-a)XSf(x' (8" &) e)da,  |"|<8,, €l .21,

u
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where x,* (¢" ,e), t <0, is the unique bounded solution of (3.2) with
x; (8", 8) < Kylg“le”,  t<0,

for some constant K, independent of (¢“,e), and h,(¢",e) = (x5(¢",¢))’,
¢" = (x,(¢",¢€))". Because of hypothesis (H5), we may assume for constant
K, > 0 that the following estimates also hold for |¢°'| < 4, ,|¢“| < 8, and
e€[-¢ ,¢]:
(4", 8)| < Kyl
ID,h(6" 8) - W' | <K' lv'], v €S,

2 .
IDLh(6 8) - (W, W) S Ky lwllwsl,  w €S, i=1,2,

2

|k, (8" &)l < K, 8",
ID,.h, (8" 6)- ¥ <K,l8"|l¥"|, v eU,

2 :
Dk, (8" 8)- (W) ) S KWl |, w'eU, i=1,2,

(3.10)

where D;f denotes the kth partial differentiation operator with respect to ¢.
We will use D¢ for Dd!.
We have the following:

Proposition 3.1. For every |¢“| <6, and ¢ € [—¢, ,¢,], h (8" ,€)(0) is ct in
0el[-r,0].

Proof. Since ¢"(0) = a(pl(O)ew for some a € R, ¢" is C*. Since ¢" +
h,(¢" ,€) = ¢ is an element in the local unstable manifold W, (¢), for every
t > 0 there exists y € W,, (&) such that x,(y,e) = ¢. This implies by the
smoothing property of the solution operator that ¢(8) is Cc'infe [-r,0].
Hence, h,(¢",€)(0) = ¢(0) — ¢"(6) is Cc*in 6e[-r,0]. O

Let |¢“| <4, and |e| < ¢, . To simplify the notation, we let x; = x; (¢" ,¢)
and h, = hu(¢“ ,€). Note that x,' ,h, € C. By differentiating (3.9) with respect
to 6 € [-r,0], we have

0
(3.11) %hu(o) = Xy(0)f(x,) + L ( /_ T(—a)Xyf(x, 4 ,€) da)

0
- [ 2506 - 015} .0)da.

Since %h,(6) is a function in (¢",¢) with values in R, D, 45h,(6) is a
continuous linear map from U to R”. On the other hand, é%hu is a function
in (¢",e) with values inC and D ¢,,;§%hu is a continuous map from U into
C. The following proposition shows that we may interchange the order of
differentiations.
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Proposition 3.2. Let ¢“ € U, |¢“| <9,, 6 €[-r,0] and —¢, <e<¢,. Then
(a)

d u d u
5D, - 80(6) = (Diph,(0)) - 41, o1 e U:

(v)
5D, (#4600 = (D3 75h()) - @18, b U;
()
%(D¢“%hu.¢7)() (D¢ ;2211 (0)) 4, ¢'eu
Proof. Let f,(t) = Dyl (x] ,&)] and fy(t) = DL/(x; ,e)]. Then f,(t): U~

R" is continuous and lmear and LH(t): UxU — R" is continuous and bilinear.
By (3.9) we have

0
Duh, ¢ = [ T(-a)X;fi(@)-dda, oleU,

0
Dih, @80 = [ T-a)Xif@)- @) 6)da,  4).¢1cU

By direct computation, we have
(3.12)

0
2 (Dyh, - 6)(6) = X,(0)£,(6) - ¢';+L(/_ T(—a)ngz(a+e>.¢';da)
0 d u
-/, @m(e - ), (0)f,(@) - ¢, da

~ (D gghi®) -6, iU,

and

2 (DLh, (8% 8)(6) = Xo(015(6) - (8 )
0
+L (/_ T(—a)Xyfy(c+0) - (¢} ,¢;)da)

0
-/ 20,6~ )y 0fy(@)- (8,6 de

d u u
- (D2 g5h®) @1 60, o dieu

This proves (a) and (b). Note that by (3.12) we also have

(Do 81) © = (D g51,(0)) - 6.
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To show that (D¢,,3"5hu . ¢'l‘)(0) is C'in 6 e [-r,0], it suffices to show by
(3.12) that f () 1s differentiable in ¢ < 0. Recall

£i®) =D, f(x; ,2) - Dpx;.

Since f is c? , we only need to show xt* and D ,,x;' are at least C! in ¢.
Since x"(¢“,e) is a solution of (3.2) and D, x"(¢“,¢) is the solution of the
variational equation along x; ,

y(t) = L(y,) + Dy f(x; ,&)-¥,,

which is defined for ¢ < 0, we have

SxT(4" 0 = (°(4",2),
0]

§D¢u'x;(¢u ,8) = (D¢“x"‘(¢“ ’8))1 ’

where (x*(¢",¢)),(0) = x"(¢",€)(t + 0). Hence f,(t) is C' in t < 0. By
differentiating (3.11) with respect to 6 and ¢“ and then differentiating (3.12)
with respect to 6, we obtain (¢). O

Remark. The smoothness properties of D,,h(6), D;,,h(O) and D ,,a“gh(e) in
6 € [-r ,0] are not optimal in the above proposition.

Corollary 3.3. Under the hypotheses of Proposition 3.2
d 2 u u d d u u
L) @180 and 1 |(D k- 41

are elements in C for all ¢|,¢, € U. Furthermore, there exists a constant K,
depending on d,, ¢,, K, and K, such that

d
| 51ORA) - 6 01| < KBS, 8 de U
d d u u
|75 | (Pogghe) -0t | < Kottt oreu
Proof. This follows from (b) and (c) of Proposition 3.2, (3.5) and (3.10). O

Note that |¢"| appears on the right-hand side of the second inequality above.
This is because the unstable manifold is tangent to the linear space U at the
origin.

Note that by (3.9) we have

2 (0) = (k) + X,(0)f (h, + 6" ).




574 S.-N. CHOW AND BO DENG

This says that h (¢",e) ¢ D(4) if ¢" # 0. However, we have

Proposition 3.4. Let ¢" € U, |¢“| <8,, 0 € [-r,0] and |e| < ¢,. Then there
exists a constant K, depending on 6,, ¢, and K - K, such that
(a) %T(Z)hu|1=0+ = Hdﬁhu - Xof(hu + ¢u ,€);
b) ITNET (Ao | < K 6" e, 120,
where the derivative ;‘f- is taken in L™ .
Proof. (a) By (3.5) and (3.9) we have
(3.13)

t+6 t+6—a
mmw=/ PWHA aw>>4ﬂ £) da

— 00

0
—/ 0,(t+0 - )y, (0)f(x e)da, 1+6<0, >0,

T(t)hu(O)z/ [ / LT )dﬂ] f( eda, >0,

If 6 <0, then by (3.11) and by differentiating (3.13) we have

d d u
aTOh(0) = 5h,(0)= 2 h6) = Xo(O)h, + 8" 0)

If 6 =0, then by (3.19), (3.11) and (3.13) we have

d
ZT(Oh,(0)

= lim %[T(t)hu(O) ~ h,(0)]

1=0+

nmlo['aunm ) dp) £(x; ) d

t+0+ 1 J_ oo |/~

-L ( / ’ T(~a) X2 (x" ,s)da)

= & (0) ~ Xy(0)f(h, + 8" 2)

This proves (a).
(b) By Proposition 3.1 and (a) above,

T(t);—TT(r)hu

=0+
is well defined. Moreover, since T(t)h, € S is continuous for ¢ > 0 and
differentiable for ¢ > r and S is a closed subspace,

d
T(t);j;hu =7

It follows from (a) of Proposition 3.2 that

T(t)h, €S, t>r

t=0*

T(t) T(t)h

7=0*
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is C* in (¢",¢). Moreover, since
D d h (0,6)=0
76 .(0,8)=0, e€[-¢ ,¢],
we have

D¢,,T(t);—TT(t)hu(O,e) =0, t>0, ec-¢ ,¢]

=0+
Therefore, by (3.10) we have
= 2ur 2 d
K= sup e |D,,T(2r)5-T(7)h < +00,
|T"||<$6, ¢ dt " =0+
€|1S¢€

and K depends on 4,, ¢, K,, K, and K;. Thus, by (3.5) we have

rodren| |<xke Mgt ez

=0+

Again by (3.10) we have

= 2ur 2 d
K= sup e D¢,,T(t)a-;T(t)hu < +00,

=0+

and K depends on o,, ¢, K|, K, and K,. Thus,

’T(t)%T(t)hu <Re™$P, oO<i<2r

=0+
Define K, = max{I?Kl ,I:("} . This proves (b). O

Define a change of variables ¢ = H(¢,¢) ,¢ € B(d,),le| < ¢, by
(3.14) F=9¢"-h(s" e, ¢ =¢"

It is clear from (3.10) that H is near the identity and in the new variable
Wi (e) = {¢: $€ H(B(9,) ,¢) ,¢’ = 0}. The inverse H™' of H is given by
¢S = q_ss + hu(éu ,8) ’ ¢u = &u'

Note that since x'(¢,¢) is C* in (t,4,¢), t >0, |$| <6, |¢| < g, the
composition map hu(x,“(gb,s),e) is C* in ¢ and (¢,€). By this change of
variables, (3.6) becomes

% ($,e)=T@t)¢ + /0 t T(t - a)X,f (%, ,¢)da
(3.15) +T()h,(8" ) - TO)h, (%] ,¢),

t
x/(®,6)=e"8"+ /0 X T (%, ,8) da,
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where x, = x,(¢,¢€) = H(x,(¢,¢),¢) and f is defined by

(3.16) f(x, ,e)=f(H '(x,,¢),e).

Note that in the new variables, X, (¢ ,&) may not satisfy a functional differential
equation. However, we can make such a transformation, discuss the behavior of
X,(¢,€) as a solution of the integral equation and then return to x, to obtain
information about the original equation.

By using Propositions 3.2-3.4, (3.15) can be written as

x,(¢,e (0’ +/ T(t-a)g(x, ,e)da,
(3.17) ‘
x“($,e) = ¢ q3“+/ e“’“”X(‘)‘f(xa,s)da,
0
where g is given by

8(6.0) = X0/ (3.6) = ZTORG 0
518) DB 0)-0F + KT 9.0)
= TP .6~ (3 6~ Dy (3 6) - U + XoT (3,00

Xolf (8 .8)+ f(h,(8" &) + 6", ).

Note that X, appears in (3.18). This says that g(4,¢) has a discontinuity at
6 =0, hence g(¢,e) € L = L*([-r,0],R"). Since H is near the identity
map, by (3.10) there exist §, >0 and 0 < ¢, <¢, such that

(3.19) B(S,) C H(B(S)),e), lel <e,

Therefore g: B(9,) x [-¢,,8] — L™ is C°. By (H5), (3.10) and (3.11),
D e)g(O ¢) =0 for |§| < J, and |e| < ¢, . By Proposition 3.2, 2(#,€)(0) and
¢g(¢ €)(0) are actually dlﬁ'erennable in 8 €[-r,0) and have a dlsconunulty

at = 0 in general. However, the following lemma says that if ¢ € W, oc(€) >

|| < J,,and |e| < &, then g(¢,¢) =0, that is, the discontinuity will dlsappear
on the unstable manifold.

Proposition 3.5. There exist constants 0 < d, < J, and 0< ¢, <¢, and a map
F: B(3;) x [-¢; ,&5] = L(S , L) such that

g(Q_S,S):F(Q;,S)'éS, ¢€B( ) l8|<83’

where ¢° = P°¢. Furthermore, we have
(i) FisC';
(ii) if ' €S, then (F($,e)-w*)(0) is C' in 8 [-r,0);
(iii) there exists a constant K, depending on d;, &, and K- K, such that
for every ¢ € B(9,), |e| < &, and 7' €8, the following estimates hold:
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|F($ 98) : '/7le00 S Kslal stl ’

sup | (F(3,2)-9")(0)| < Kl

—r<6<0
Proof. We will show first that there exist 0 < J; < J, and 0 < &; < &, such
that if |¢| < J,,4 € U and le| < ¢4, then

(3.20) 2(¢,e)(6) =0, 6 €[-r,0].
Recall that ¢ = H(¢,¢) is defined by
$=¢"-h(¢"e), ¢ =¢"
Assume that |¢| < J, and || <e,. Let
(3.21) ty=1,(¢,¢) =sup{t >0: x,(¢,¢) € H"'(B(&z) ,€)}

It is not hard to see from the saddle point property that if 52 > 0 is sufficiently
small, then ¢, > 2r for all |§| <4, and |e| < e,. Since H is near the identity,
there exist 0 < ¢, <¢, and 0 < d,; < d, such that

B(d,) C H(B(3,) ,¢), le| < &;.

Now, we will show (3.20) holds true for all |¢| < J;, ¢ € U and |¢| < ¢,.
Suppose the contrary; then there exist ¢, € U, |§;| < J;, || < &, and
6, € [-r,0] such that

(3.22) 2(8y ,¢)(6,) # 0.

Let ¢, € H"'(d_)g ,&). Then ¢, € W (&) and |@y| < &,. By the choice
of d,, ty = t,(#,,&) = 2r. Hence, [-0,,t, — 6,] is nonempty. Let X, =
H(x,(8,8,) &), —0, <t <t,—0,. Since W, (¢,) C{d: ¢’ =P'¢=0} and
Xy, =0 for -6y <t <t,-6,, X, =H(#,,¢) =@, By (3.17), we have

t
0=%,, = /_ T~ 0)8(%ypp, ) do.

Let t = -6,+0 and 0 <o < ¢, with o0 < -6, if 6, # 0. Since the above
integral is an element in C, by (3.5) we have

—0p+0
0= , [T(-6,+ 0 — a)8(X, 4, -£0)1(6,) da
—00+0
(3.23) / (X 0 -8)0 —a)da, —0,>0>0,
— 6o

- '3
/0 T(0 - 0)2(%, .2, (0)]de,  6,=0.
Dividing (3.23) by ¢ and letting ¢ — 0", we have

—6o+0

.1 o
0= aan(})r p " [T(-6,+0— a)g(xa+00 ,€9)1(0,) dox

= 2($4 5 €0)(6,)
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for any —r < 6, < 0. This contradicts (3.22) and proves (3.20). Therefore,

1
+80)- 8@ 0) = | Sp(ad +80)da

2(3,6) = 2(
(/ D, 2(ad’ +¢" s)da) 7.

Define

(3.24) F(é,e) = /O "D, 2(0f + 3 e) do.

Since

(3.25) D, g(ad’ + 8" ,e) = X{ f, — (Dyh,) - (Xo /) + Xo fy

where h, = h, (4" ,¢) and f|(¢,e,a) = Dy f(ad’ +¢" e) F(¢,¢): B(d;) x
[-&5,6] = L[S, L™] is C' and [F($,¢)-w')(0) is C' in 6 € [-r,0) for
all ¢’ € S. This proves (i) and (ii). Furthermore, it is not hard to see from
(3.25) that F(0,¢) = 0 for all |¢] < &;. Thus, there exists I~<5 depending on
Jd,, & and K - K, such that

F(.8)- 0’| <K | 1W°], |$l <6y, el <&y, ¥ €S

Moreover, by Corollary 3.3 there exists K s depending on 4, ¢, and K -K,
such that

d - s AT
@(F(fb,s)"//)(@) <Kgly'|, -r<6<0,

for all |¢| < d,, |g] < & and @ * € §. Choose K, = max{K Iz<5}. This
proves (iii). O
By (3.18), we have
- d
T(1)g($,e)=Tt) Xy, — T(t)5=T(1)h
(3.26) (1)8(¢,¢) (OXof = T( )d‘l' (), .
= T(t)Dyh, -(A" + Xy 1),

where f = f(¢,¢) and h, = h (8" ,¢). Since S is a closed subspace, (D, h,)-
(A¢“ + X; f) € S. We also have that T(¢)X,f € S for ¢ > r. Therefore, by

Proposition 3.4(b), (3.5) and (3.26) there exists a constant K depending on
dy, & and K - K, such that

(3.27) IT()g(¢,¢) < Kee ™|9l16°], >0,

for all ¢ € B(d;) and |e| <e,.
Now, we rewrite (3.17) as

X(3.6) = T(OF + / T(t — )F(x,($.2) .6) - X($ ) da,
(3.28) 0

]
~'s
—~
Y
™
SN—
Il
N

Mau / ' STIXT(x (B,¢) ,¢) da.
0
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It follows by differentiating (3.28) with respect to ¢ in L™ that the deriva-
tives D;x (q_S,a) and Dq;)'c:‘ (¢,¢) satisfy the variational equations along

x,(d, 8)

w = T()P' + /0 T(t - a)[D;F(x,($,2) &) - (u, , %,($,€)

+F(x (¢,¢),€)-u lda,

2
(3.29) 0<t<t,,

t
uy = ¢ p* +/0 el('_a)Déng(xa(JS ,€),€)-u doa, 0<t<t,,

where u, = Dq-,)'ct(q_ﬁ ,€) and [0,¢,] is a definition interval for x(¢,¢).
Note that even though %,, X, and x, are C 3, we cannot differentiate (3.28)

more than once because F is only C ' This says that by using the change
of variables (3.13) we have lost some differentiability properties. However, the
special forms in (3.28) and (3.29) will be sufficient to derive similar local results
as in §1.

By using (3.28), (3.29), (3.5), (3.10), (3.27), and Propositions 3.1-3.5, the
proofs of the following lemmas can be adapted from those of Lemmas 1.2-
1.6. We will therefore omit the proofs of Lemmas 3.6-3.8 and 3.10. We will
present the proof of Lemma 3.9 since it is different from the case of semilinear
parabolic equations in §1.

Lemma 3.6. For equation (3.2) there exists a constant K, depending on 6,, &,
and K - K, such that if x(¢,¢) € B(d,) forall 0 <t < t, where t; >0 is
any constant, then

X (6,8) < K,|'le™™, 0<t<t. O

Lemma 3.7. For equation (3.2) there exist 0 < 6, < d, and constants i A ,I >0
such that if x,($ ,¢) € B(d,) for 0 <t <t, where t, is any constant, then

=S/ 1 —fut
ID;%;(B,e)| <27, 0<t<t;, ecl-¢,8],
U7 it
IDJ&x[((ﬁ,s)lSze ’ OSISIO, 86[—83,83],
bt
ID;%,($,8) < 3e”,  0<t<t), e€[-e,¢] O

Note that by the change of variables H in (3.13), the local stable and unstable
manifolds W, (¢) and W, (¢) are given by

Weel€) = {M =h(8 ,e),16°1 <3},
W (e)={B: & =0,|8" <6,},




580 S.-N. CHOW AND BO DENG

where A is c?, h(0,e) =0, ¢ € [~¢;,¢] and Dyh(0,0) = 0. Asin §l,
for every ¢ € [-¢,,¢,] we define
(3.30)

Q8,,p.8) = {8 : 16| <&4/K;, (¥, , 8" — h($ ,€))| < p} C B(S,),
Q7(3,,p,8)={$: $€Q(S,,p,8),0< (v, , 8" —h (¢ ) < p},

Q7 (3,,p.8)={4:6€QF,.p,8), —p<(y;,8"—h($ ,e)) <0},
loc(e) has
(¢), where Q =

where (-,-) is the bilinear form given by (3.3). Note that since
codimension one and Q' NQ” =@, Q= Q" UQ UW
Q(d,,p,¢) and QF = Q*(d,,p,¢).
Lemma 3.8. Let ()‘cf(q_b ,€) ,x,“(q_b ,€)) satisfy (3.28) in B(6,) and 0 < p<J,/4.
If pe Q+(64 ,P,E)UQT (O, ,p,€), then there exists T=1(p,€) >0 such that
X/ (6.6) - %, (6 +h(d ,e).e)
{64/2’ if‘5€Q+(54,p»£), |8|S€3,
—64/2’ if‘éeg—(é‘;’p’s): |8'S£3'
Furthermore, if $€ Q*(6,,p,e)UQ™(8,,p,¢€) and |¢| < &,, then
1 d, d,

l In — 1
4|(WA, "'h(¢ 8))' I<'/’1 a¢u_hs(¢s’8))|,

= 8 At(¢ )
D.1(¢,e8)] < ————e ,
D3t 2) 28, — 8K,0;

<t<

>»22|'—

where K, is given in (3.10). O

Lemma 3.9. Let ¢ € Q(J,,p .¢), |e| <& and t,> 2r be as in (3.21). There
exists a constant K depending on J,, ¢, and K - K, such that if a solution
(x)(¢,¢), %, (¢,¢€)) of equation (3.28) is in B(8,) for 0 <t < t,, then X,($,¢)
is differentiable in t € (r ,t,) and satisfies

yred ($.8)| < Kgldle™, r<t<t,,

where the derivative g; is taken in L™
Proof. Let t>r, x,=x,(¢,¢) and X, = X;(¢,¢€). By (3.28) we have

2(0)=T(t +6)F (0 / T(t - a+0)[F(x, &) - £](0) da

t
+[| [F(x, ,e)-X)0+t—a)da, 6€[-r,0]
t+60
Since [F(¢,¢)-%°]1(8) is discontinuous only at § = 0 forall ¥’ € S, by (3.24)
and (3.25) we have

/[F ,€) (0+t-—a da—/ Fla,0+t-a)-x da,
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where |
F(a,0) & =[F(x, &) 7°1(6) - X,(6) /0 f(x,.e,B)dB -7,

and f (é,¢,B) is as in (3.25). Note that by (3.24) and (3.25), f(a,e) is C!
in @ € [-r,0] and by Proposition 3.5(d) we have

0 ~ s

‘6—0F(a,0)-w
|F(a,0) 9| <K l#'|, 0<ac<t, 6e[-r,0],
for all ¥’ € S. Hence

<K —-\', Osast,oe "r70,
(3.31) < 5|'/’| 0 [ ]

4 :(6) = LT+ 0)8) 4 [F(5,,,8) - X.,)0)

t+6 ~
+ LIT(t-a+0)F(x, ,¢)-%]da+F(t,0)-x
0
~ s o~ s
_F(t+6,0.x 0-/ 9 Fla,0+1—a)- % da.
+ 1+030 @

Therefore, the desired estimate follows simply from (3.5), (3.31), Proposition
3.2 and Lemma 3.6. O

Define /: B(d,) x [~¢;,¢;] = R by
(3.32) 1($, .6, ,¢) = max{(y;,8; — k(8 .e)},
where (-,-) is as in (3.3). The following lemma is analogous to Lemma 1.5.

Lemma 3.10. Let x'(¢,¢) = ‘r(é’e)(tfb,a), where ¢ € Q*(6,,p.¢), p < ,/2
and ¢ € [—¢,,¢,]. There exist constants K, and a > 0 depending ond,, ¢,
and K- K, such that if ¢, ,¢,€ Q" (d,,p,¢) and ¢ € [-¢, ,¢,], then

'8, ,8) - %' (8,,8)| < K,[1(B, , 8, ,&)]'1$, — b, ,
where | is given by (3.32). O

Define
(3.33)

W(e) = {¢: thereexist 1> 0 and y € W, (&)
with (y,,¥" - h (v’ ,e)) >0and ¢ = x,(v,e)}, [e|]<¢,,
¢,(e) = W/ (e)NE(8,/2,8), el <ey,
where I .
2(6 ’8) = {¢: (WA ’¢“ - hs(¢s >8)> =9 ’¢ = H(¢7£)}‘

Let 0 < p, < 6,/2 be fixed. Since H is near the identity map, there exist
0<p, <p, and 0< ¢, <é; such that

B(p)) C H™'(Q4,,p4,2),8), le| e,
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Let ¢, € lf)c(O ) with |¢.| < p, be fixed. By the continuity property of ]oc( )
in ¢, for every 0 < p < dist(dB(p,) , d,) , there exists 0 < &(p) < ¢, such that

B(gy,p)NW, (e)#D, el < &p).

By using the above lemmas, it is not hard to see that the proofs of the fol-
lowing results are exactly the same as Lemma 2.1, Theorem 2.3, and Corollary
2.4, respectively. Lemma 3.11 will be needed in the next section.

Lemma 3.11. There exists a continuous map z' B(¢,, p)x[—&5(p) ,e5(p)] — C
satisﬁzing
a) If le| < &5(p), 16—l < p and (y,,¢" = h(¢',)) >0, then 7' ($,¢)

is the mtersectzon pomt of Z(6,/2 ,¢) and the orbit of the solution of (3.2) with
initial value ¢ and parameter ¢. On the other hand, if (v, , ¢ — hs(qﬁs ,€)) <0,
then '(¢.,€) = ¢,();

(b) n'(¢ ,€) is continuous in (¢ ,&) and is Lipschitzian in ¢ for each fixed
€. Furthermore, there exist constants a and K, depending on 6,, ¢, and
K- K, such that

7'(8,,8) = ' (8, 8)| < Kyyp°l6, — byl O

In the following theorem, we may assume without loss of generality that the
homoclinic orbit 'y = W}(0).

Theorem 3.12. Consider the nonlinear autonomous delay equation with a real
parameter ¢ € [—¢,,¢)], ¢,>0:

(3.34) x(t) = L(x,) + f(x, ,¢) ,

where L: C — R" is a bounded linear operator and f: C x [—&y.€]— R” in
cl. Suppose (3.34) satisfies the following:

(H4) the characteristic equation detA(1)=0, where A(A)=AI— ffr ew[dn(ﬁ)],
has a unique positive solution A > 0 which is simple and the real parts of the
other solutions of A(A) = 0 are smaller than —A;

(HS) f(¢,¢) satisfies f(0,e) =0 and D¢f(0 ,€) =0, where ¢ € [—¢,,¢y];

(H6) at & = 0, equation (3.34) has a homoclinic orbit ', asymptotic to the
equilibrium 0.

Then there exist a neighborhood N ( 0) of Tou{0} in C and 0< g, < g,
such that W“(s) C N(I,) and W“(e) loc(ea) = @ if and only if there exists a
periodic orbitin N(I')), where W“( €) is the orbit of (3.34) through ¢, satisfying
b, € loc( ) and (‘/’z ,¢0 hs(qﬁo ,€)) > 0. Furthermore, this periodic orbit is
unique and exponentially asymptotically stable. 0O

We will only outline the proof of this theorem because the proof is exactly the
same as that of Theorem 2.3 after we have established Lemma 3.11. Let ¢, > 0

be the time such that x,o(qSl(O) ,0) = ¢, and i:o ={¢: ¢ = x,(¢,(0),0),0 <
t < t,} € I,. We define a family of maps 7:2(- ,€) from B(¢,(0),p,) into
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a neighborhood of ¢, by n’ (¢,¢) = xt0(¢ ,€). Then for sufficiently small ¢
and p,, the composition maps 7(-,¢) = 7:2(711 (-,€),¢€) are contractive with a
uniform contractive constant less than 1/2. Then, we construct a neighborhood
N(,) c C of I;u{0} and 0 < g, < ¢, satisfying the following properties
(see Lemmas 2.4 and 2.5):

(1) N(Iy) = N, UN,, where N, is a neighborhood of {0} containing
B(¢,,p,) and B(4,(0),p,),and N, is a neighborhood of I ;

(2) if y is an orbit in C of equation (3.34) at ¢ € [-§,,¢§)] satisfying
YN, # ¢ and y C N(Ty), then (v, ,¢"“ —h (¢",€)) >0 forevery p € yNN, ;

(3)if ¢ € N, and |¢| < g, then there exists ¢ > 0 such that x,(¢,¢) €
B (¢0 > po) 5

(4) if ¢ € B(¢,(0),p,) and |¢| < &), then x,(¢,€) €N, forall 0<¢<¢,;

(5) ¢,(¢) and the fixed point ¢, (&) of =(-,é¢) are sufficiently close to ¢,(0)
and ¢, respectively (see Lemma 2.5(b), (c)).

After having defined N(I')) and &,, we can show that the condition that
W(e) c N(T')) and W (e)nW, (¢) = O isequivalentto (v, ,¢,—h (4, ,&)) >
0, where ¢, = ¢_(¢) is the fixed point of =(-,¢). However, the last condition
is equivalent to the existence of a unique periodic orbit of equation (3.34) in
N(T,) . The stability property of the periodic orbit follows from the contraction
property of the map =« .

Corollary 3.13. Suppose the same hypotheses of Theorem 3.12 hold for equation
(3.34). Then there exists a neighborhood N(T')) of Iyu{0} in C and 0 <
&, < &, such that if there is a homoclinic orbit in N(I')) for equation (3.34) at
le] < &,, then there exist no periodic orbits in N(T).

4. APPLICATIONS

As an application, we consider the following functional differential delay
equation (see [6 and 11]):

(4.1) x()=af(x(t-1)), x€R,

where a is a real parameter. We assume that f: R — R is periodic with
minimal period ~4+ B, A<0< B, f(A)=f(B)=0 and f'(4) = 1. Note
that if x is a solution of (4.1), then x + n(—A4 + B) is a solution of (4.1) for
every integer n. x = A and x = B are equilibria of (4.1). A solution x of
(4.1) is called a heteroclinic solution from A to B if
lim x(¢)=A and lim x(t)=B.
t——00 t—+00

A solution x of (4.1) is called a periodic solution of the second kind if there
exists p > 0 such that

x(t)=x(t+p)—(—-A+B) forallteR,
x(t)#x(t+q)—(—A+ B) forall0<g<pandsometecR.
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Note that a periodic solution of the second kind corresponds to a periodic
rotation of the state variable on the circle and a heteroclinic solution from
A to B corresponds to a homoclinic curve of the state variable on the circle
(by a homoclinic curve I'(f) we mean lim,_,_  I'(¢) =lim, _TI(¢)). We are
interested in the problem of bifurcation of periodic solutions of the second kind
from a heteroclinic solution from 4 to B. It is obvious that our main result
cannot be applied directly to this problem. However, a slight modification will
be sufficient.

Theorem 4.1. Consider the functional differential delay equation with a real pa-
rameter a € R:

(4.2) x(t)=af(x(t-1)).
Suppose (4.2) satisfies:
(H7) f is c?, periodic with minimal period —A+ B, A<0<B,
(HB) at a = a, > 0 equation (4.1) has a heteroclinic solution x® from A to
B;

(H9) the characteristic equation 0 = A — aoe_l has only one positive solution
Ay and all other solutions A satisfying ReA < —4,.

Then there exists a neighborhood N(x*) in C of

U &*ruiaru{s}
—o00o<I<00

and aa' > a, such that if equation (4.1) has a periodic solution of the second
kind x at a € (a,,a;) satisfying

(4.3) x, € | JINx®)+n(-4+B)}, t€R,
n€eZ

then it is unique and exponentially asymptotically stable.

Proof. Since solutions of 0 = 4 — a0e°‘ are the eigenvalues of the infinitesi-
mal generator of the strongly continuous semigroup defined by the linearized
equation Xx(¢) = ayx(t — 1), by (H8) and (H9), local results derived in §3
are applicable to equation (4.2) near the equilibria 4 and B. Let B(J) be
a sufficiently small neighborhood of A4 such that the local stable and unstable
manifolds Wlf,c(a) and WI‘;c(a) of A are defined for a > a, close to g, . Since
W, .(a) has codimension one, we may assume B(d) is divided by W, (a) into
two disjoint parts Q*(a) and Q (a) (see (3.30)). Without loss of generality,
we assume x,° C Q" as 1 — —oo. Since
lim x°—(-A+B)=4,

t—+o0

we can choose ¢, € x,"" — (=4 + B) with ¢, € B(d). By (3.33) we can define
¢,(a) € W,';C(A) for a > a, close to a, such that ¢ (a) € Q*(a) is continuous
in a with ¢, (a;) = xf° for some ¢t < 0. By Lemma 3.11, for every small
p > 0, there exist a(p) > 0 and a continuous map n': B(¢,,p) x [ay,a(p)]
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satisfying (a) if a € [a,,a(p)], |¢ — @] > p and ¢ € Q*(a), then 7t1(¢,a)
is on the orbit of the solution x(¢,a) of (4.2). On the other hand, if ¢ €
Q (a), then nl(¢,a) = ¢,(a); (b) nl(¢,a) is Lipschitzian in ¢ for each
fixed a € [a,,a(p)] with a Lipschitz constant Kp6 , where constants K and
p are independent of a € [a;,a(p)]. Let ¢, > 0 be the time such that
x10(¢1(ao) ,dy) — (—A + B) = ¢,. Then, we define a map n: B(¢,(a,) ,p,) X
la,,a,] — B(d), where p, and a, are some sufficiently small number, by
n2(¢ ,a) = x,(¢,a) — (—A+ B). Therefore, if p, is sufficiently small, then the
composition © = 7t2(7tl(~ ) s0): By, pg) X [ay,a(py)] — B(d,,p,) satisfies
that for each fixed a € [a,,a(py)], n(-,a) is a contraction map with a uni-
form contractive constant less than 1/2. Next, we construct a neighborhood
N(x®)c C of {x:teR}U{4,B} and aq, satisfying

(1) N(x®) = N,UN,UN,, where N, is a neighborhood of A containing
B(¢,,p,) and B(¢,(ay),p,), Ny=N,+(-A+B)={¢:¢—-(-4A+B)€ N}
which is a neighborhood of B and N, is a neighborhood of {x,(¢,(q,),4q,):
0<t< to} 5

(2) if y is an orbit in C satisfying

y < JIN(Ty) +n(-4- B)}
u€Z
and yN{N, +n(—4 + B)} for some n, then ¢ —n(-A+B) € Q" (a) UW; (a)
for every ¢ € yN{N, + n(—-4+ B)};

(3)if ¢ € N, and a €[a,,ay], then there exists ¢ > 0 such that x,(¢,a) -
(=A+ B) € B(¢,p);

(4)if ¢ € B(¢,(0),p,) and a €[a,,a,], then x,(¢,a) €N, for 0< t < 1y;

(5) ¢,(a) and the fixed point ¢, (a) of z(-,a) are sufficiently close to ¢,(a,)
and ¢, respectively (see Lemma 2.5(b),(c)).

By (a) and (2) and (3) of the above properties, any orbit in C of a periodic
solution of the second kind x satisfying (4.2) must contain the fixed point
¢.(a) of n(-,a) and ¢ (a) € Q*(a). This proves the uniqueness. By (b) and
(4) and (5) of the above properties, the periodic solution of the second kind is
exponentially asymptotically stable. O

The following is taken from Walther [11].
Suppose r >0 and ¢, ,¢, €R satisfy

A+2r<é <& <-r<r<B-r

Let g:R—R be C' and satisfy
(i) g is periodic with minimal period —4 + B,
(ii) g(4)=0,0< g in (4,0), g(0)=0, g<0 in (0,B),
(iii) |gl<r/2 in (A=r,A+r)U(-r,B-r),
(iv) there exists g € (0,1) with |g(§)| < q|¢— 4| forall (€ (Ad—r ,A+T),
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(v) a* = g'(A4) is positive with loga®™ < —Ai(a"), where A(a’) satisfies
Ma®)=a*e™ )

(vi) for € C, A< $ <& and $(0) =¢&, imply & + 7 g-d(s)ds <&,
and for y € C, ¢, <y <, and y(0) =¢, imply B+r<€2+f_°I g-y(s)ds.

Consider

(4.4) @) =g@)/g' ), &eR
Theorem 4.2. Let f: R — R be defined by (4.4). Suppose f satisfies conditions
(1)=(vi). Then

(a) there exists a nonempty interval [a,,a,) with a; > a, > 0 such that if
a = a,, then equation (4.1) has a heteroclinic solution x® from A to B, and if
a € (ay,a,), then equation (4.1) has a periodic solution of the second kind x“.
Furthermore, for every a € [a, ,a,] there exists ¢, € »* (the orbit in C of x*)
such that ¢, — ¢, aS a—ay;

(b) the characteristic equation 0 = A — aoe_'1 has exactly one positive solution
Ao and all other solutions i satisfy the inequality ReA < —4,. O

By Theorems 4.1 and 4.2 above, we have the following:

Corollary 4.3. Suppose f: R — R is C? and satisfies the conditions in Lemma
4.2. Then there exists 0 < a, < ag < a, and a neighborhood N (x*)c C of
{x,“°: t € Ry U {4} U{B} such that if a € (a, ,ag), then equation (4.1) has
a unique and exponentially asymptotically stable periodic solution of the second
kind in

G=|J{N&*)+n(-4+B)}.

nez

Proof. Let N(x*) and ag be defined as in Theorem 4.1. Without loss of
generality, we may assume ¢, — (—4 + B) = ¢,(a), the unique fixed point of
the map =n(-,a) defined in Theorem 4.1 for every a € [q, ,a"). Therefore,
the orbit y° of a periodic solution of the second kind x“ must be in G for
all a € (q, ,ag ). Hence, by Theorem 4.1 x“ is unique and exponentially
asymptotically stable. O
Example. Let p € (n/2,n) be given. Let g, (&) = p(sinw — sin(§ + w)) for
£ eR and w € (0,n/2). Then there exists w, € (0,7/2) such that for every
w € (w,,n/2) the real numbers 4 = —n -~ 2w, B = n - 2w, r = B/3,
(,=4+w, { = -w and g, (§) satisfy hypotheses (i)-(vi) (see [6]). The
corresponding equation Xx(¢) = af(x(t — 1)) with a >0 and f = gw/gfu(A)
models phase-locked loops for the control of high frequency generators (see [6
and 11]).
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